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Abstract

The maximal distance between a Bézier segment and its control polygon is bounded in terms of
the differences of the control point sequence and a constant that depends only on the degree of the
polynomial. The constants derived here for various norms and orders of differences are the smallest
possible.

In particular, the bound in terms of the maximal absolute second difference of the control points is
a sharp upper bound for the Hausdorff distance between the control polygon and the curve segment.
It provides a straightforward proof of quadratic convergence of the sequence of control polygons
to the Bézier segment under subdivision or degree-fold degree-raising, and establishes the explicit
convergence constants, and allows analyzing the optimal choice of the subdivision parameter for
adaptive refinement of quadratic and cubic segments and yields efficient bounding regi®e9
Elsevier Science B.V. All rights reserved.
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1. Curved geometry and control polygons

A widely used, efficient and intuitive way to specify, represent and reason about
curved, nonlinear geometry for design and modeling is the control point or control
polygon paradigm: for popular representations like the B-spline and the Bernstein—Bézier
representation the curve shape is outlined by the broken line connecting the control
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Fig. 1. Improved bounds for intersection testirigff) and creating tolerance envelopeglit).
Shaded region corresponds to convex hull, darker portion to new bound derived from the results
in this paper.

points. For many applications, e.g., rendering, intersection testing or design, this raises
the question jushow wellthe control line approximates the exact curved geometry.

This paper gives several simpieantitativeand exact answers to this question in terms
of differences of the Bézier control points and constants that depend only on the degree
of the polynomial. The bounds are sharp, i.e., there exist in each case commonly used
curves such that the bound is taken on and any reduction of the constant would not yield a
bound. In particular the bound in terms of the maximal absolute second difference remains
sharp under degree-raising and subdivision, i.e., refinement of the piecewise linear control
structure to better approximate the curved geometry. This yields, for example, aasharp
priori bound on the number of subdivision steps needed to bring curve and control polygon
within a prescribed Hausdorff distance of one another.

While the focus of this paper is on capturing the essence of the bound and its implications
for the general toolkit of computer aided geometric design, the two example scenarios
sketched in Fig. 1 illustrate the potential use of the new result for a wide range of
applications. Combined with the standard min-max bound and an improved bound at the
ends of a curve segment, the result confines the curve segment to a region bounded by at
most 21 + 2 line segments wheréis the degree of the component functions of the curve.
Localization of the curve to the convex hull, here depicted as the union of shaded regions
gives more conservative estimates than localization to the darker shaded region implied by
the new bound of this paper. In Fig. eft) nonintersection follows immediately from the
new bounds, while the convex hull estimate requires several refinements to separate the
bounding regions. On the right, the curve and its translate can be chosen closer together
while still guaranteeing the inclusion of the given point set.

The new tight bounds reveal the constants that scale the quadratic rate of convergence
of the sequence of control polygons to the curve under subdivision and under degree-
fold degree-raising. This clearly shows uniform approximation by subdivision to be more
efficient than via degree-raising and allows, for segments of low degree, to determine the
optimal point of subdivision.

After reviewing prior work, Section 3 represents the technical heart of the paper, a bound
for functions in Bernstein—Bézier form. Section 4 shows alternative bounds by varying the
choice of norm on the second differences and order of differences. For the remainder, the
paper concentrates on the bound in terms of the maximal absolute second difference of the
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control points. Section 5 extends the max-norm bound to the Hausdorff distance between
control polygon and curve segment. Section 6 discusses the bound under subdivision and
Section 7 the bound under degree-raising. Section 8 improves the bound at the ends of the
segment, Section 9 illustrates the bounds by a gallery of examples and Section 10 draws a
few conclusions.

2. Prior bounds

Two properties lie at the heart of control point representations of curves: the variation
diminishing property and the subdivision property. The variation diminishing property, that
any line crosses the control polygon at least as often as it does the curve, makes precise
the notion that the features of the curve are exaggerated by the control polygon. Variation
diminution also implies the convex hull property, which states that all points on the curve
segment are convex combinations of the control points. Thus the convex hull yields a bound
on the distance between curve segment and control polygon.

The subdivision property gives a stable way of approximating the curve through a se-
guence of refinements of the control polygon using fixed-weight, finite averaging. Ap-
proximation rates for this process have been established in (Cohen and Schumaker, 1985;
Dahmen, 1986) and by the careful analysis in (Prautzsch and Kobbelt, 1994). Either result
yieldsqualitativeassurance that the approximation will improve under subdivision, but the
correspondinguantitativeestimates are too coarse for practical use. For example, the esti-
mate in (Prautzsch and Kobbelt, 1994) exceeds the bound implied by the convex hull prop-
erty. Filip et al. (1986) derive bounds for the distance between a curve and the linear inter-
polantto the end points and Schaback (1993) extends and generalizes this approach to more
general Hermite interpolants. For a Bézier curve of dedrée bound derived from linear
approximation is/ — 1 times the bound derived in this paper. Sederberg et al. (1989) sub-
tract a circular arc rather than a Hermite interpolant from the curve segment prior to gen-
erating a min-max bounding box. The arc offset by the bounding box is called a ‘fat arc’.

In (Hermann, 1992) upper and lower bounds for the modulus of continuity of polynomial
and rational curves in Bézier form are derived. Farin (1993) points out that for rational
curves, the convex hull can be tightened to include only rational weight points and end
points. A similar projection argument applies to the joint intersection of convex hull and
the new tight bound.

3. Bounding functions

This section contains the central estimate for localizing the graph of a function in
Bernstein—Bézier form with respect to the control polygon. The estimate is easily computed
in terms of a constaitl (d) that depends only on the degé@nd the maximum second
difference of the coefficient sequence. Some definitions are in order (cf. (Farin, 1988;
de Boor, 1987)).
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Fig. 2. A cubic segment and its control polygon with coefficient sequaigebs, bo, b3) =
(0,1,1,0) and correspondinjAsb||sc = |A2b1| = |Abo| = 1. The bound is taken on at=1/3,
where| p(1/3) — £(1/3)| = 1/3 = Noo (3 | A2b I 00 -

A univariate, scalar-valued polynomialof degreed is in Bernstein—Bézier forrii

d
p) =Y biB®),

i=0
where

B (1) := (;1)(1 — )4,

The control polygon¢ of p is a broken line connecting the pointg, b;) where the first
components; = § are the Greville abscissae. k¢ segment, ;.. on the interval
[#, tx+1], is defined by

r—1

fk+1—t
E[tk,tk+1] (t) = bki + bk+1

Tkl — Ik Tk+1 — Ik '
The ith centered second differencaf the coefficient sequencsg;,i = 0,...,d, is
abbreviated

Aob; :==bi_1—2b; +bi11 and |[[Azb|e := max |Azb;].
O<i<d

Finally, the maximum absolute difference betwegnand £ on the interval[s, ¢] is
abbreviated as

P = Llloo,(s.) == Max|pu) — €(u)|.
u€ls,t]

With these definitions the main result reads as follows.

Theorem 3.1. The distance from the univariate, scalar-valued, degtgmlynomialp to
its control polygor? is bounded as

1P = €lloc,10,1] < Noo (@) [ A2b | oo,

where

d/2|[d/2
N (@) i /21421

2d
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0/6 6 206 306 46 56 6/6

Fig. 3. The second antidifferenceg(r) := B, (t) ont € [tx, tyy1] = [k, k + 1]/d, for d = 6 and
i=1,...,5 (solid exceptp, dotted, and their piecewise quadratic sudaéh-dotteyl Theith peak
separates the monotonically increasing pas;0bn [0, ¢;] from the decreasing part dr, 1].

For example[Ny (0). ..., Noo(8)]=10,0, 7, 3. 3. 2, 2. 8, 1.

Proof. On the intervalz, 11, p(t) — £(t) = ) _; o (1)b;, Where

k+1—dt, ifi=k,
i (1) ==l (1) == BA (1) — {dz—k, ifi =k+1,
0, else,

sincety1 — fy =ty — fr—1 = 1/d. The formula for conversion to power form,

4 /i d
d _ k
(e )to= ()

implies linear precision

d d
Zaki =0 and Ziaki =0.
i=0 i=0

It follows that

i d
D = ek =D (= D
j=0 j=i
and hence for & i <d and allk

Yo~ j)BY foro<i
Y9 (G—iBY ford>i

k
k+1.

AVARV/AN

Brii=y (i — jogj=

j=0
The gx; (cf. Fig. 3) are nonnegative second antidifferences obdh®n [#, tx+1]. That s,
Bri(t) >0forO<i <dand

A2Bii = Brii+1 — 2Pki + Pri-1=oax,; forl<i<d-—1
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Furthermore, fok € {0, ...,d — 1},

d-1 i d d-1 d—1—j
Zﬂk, O =Y (= Paj) =Y > (i — joxj(t) = Z ( > i)akj(r)

i=0j=0 j=0i=j =0 i=0
d d-—j d j
=Z( 5 )akj(l)=Z(2)akj(t)
j=0 j=0
d j k
— d - _
_§<2)Bj(t)+2(k+l 2dt)

d\ , k
= t —(k+1-—2dt).
(2) Sk 1-2a0)

On its interval [, tx+1], Z?:oﬂki(f) is a positive quadratic polynomial with positive
leading coefficient and therefore takes on its maximum eithgratz;1 implying

. d .
l 1
or<nka<)§m<t<zk+1 E Bri (1) = max max{ E <2>0tki (), Eﬁ (Z)Otki (tk+1)}

= max <d>E — (k) = max —(d k)
o<k<d \2/ d? 2]  o<k<a 2d
_1d/2]1d/2]
—
Abbreviating

I Ml =11 Noo, . tgals

and assuming without loss of generality that= b; = 0, the bound follows from

d
> ewibi
i=0

lp = £lloo,i0,1) = mkaXIIP —Lk=m

k

d-1 d-1
= max ZAZ,Bkibi = max ZﬂkiAzbi k
l:
ld/2][d/2]
< [|Azbllom Zﬁ %nAzbnm. O

The fourth equation could have been arrived at without sethipg= bo = 0 since
Bka = Bro = 0. However, this would require definingyz8ro and hencey 1. A key step
in the estimate is the inequality which uses the fact tat = Bi;. We will discuss this
and alternative inequalities in more detail in the following section.

The constanfN(d) is not just a better estimate, i.el,— 1 times smaller than the
previous best estimate in (Filip et al., 1986), but it is optimal, i.e., the single inequality
in the proof is sharp for a large class of functions.
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Corollary 3.1. The bound in Theoreis sharp for all degrees.

Proof. If p is the degree-raised representation of a quadratic polynomial then all second
differences of the degree-raised representatiop afe equal, i.e., for each |A2b;| =

| A2b|l oo since differencing and degree-raising commute. Sincgthare nonnegative, we
have equality throughout the proof. Small perturbations of the coefficients of the degree-
raised quadratics yield, for any given degregolynomials that asymptotically match the
bound. In other words, for anythere are polynomials of degréethat match the bound
withine. O

The inequality is not sharp if the sequence of second differences has sign changes, e.g.,
when the function has inflection points. Examples 1, 2 and 4 of the fourth column of Fig.
8 illustrates sharpness, almost sharpness and alternation.

4. Bound alternatives

The estimate in the proof of Theorem 3 is an application of Hélder's inequality

d-1
> Bridabi < lIBuillpllAzblg. g+ pt=1,
i=1

for fixed argument, ¢ = oo and p = 1. Other choices op andg lead to alternative
estimates of which the cage= oo andg = 1 deserves special attention.

Theorem 4.1. The distance from the univariate, scalar-valued, degtgmlynomialp to
its control polygory is bounded by

lp(#) =€) lloo,[0.1) < N1(d)[| A2b][1,
wherer* := [47/d and

o xy d *
Ni(d) := ﬂ[%],r%"(t )—ZNOOBF%-‘(I ).

If d is evenNi(d) simplifies to

d d
(r%w)ﬁ’

an expression that is also an upper bound for @dbl; (d) is a slowly growing function
with
[N1(2), ..., N1(10)] = [0.250Q 0.2963 0.375Q 0.4147,
0.4688 0.5036 0.5469 0.5782 0.6152.
Proof. Fix k. Then forj <i <k, Bu > By since Bxi — Bri-1 = Z;‘:% B;’ >0 and

similarly for j > i >k, Bi; > ;. Moreovergy is a monotonically decreasing function
on[t, tr+1]. Hence
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sup | maxgyi(n)] = sup ﬂkk—ﬂkk(rk)—Dk—an(rk)

1€[tr, 1k 411 relty, fqal =0

:(d—k)de(k)
d K\a)

We show that the maximum is attained fo& {%1 and hence

max| maxgi [ = Nu(d)

as claimed. By symmetry it suffices to show that#ot L%’J, ie.d—k=>k:=k+1

d— k)kBg( )g(d k)kBg/<k)
d d d d

Withd —k =k + 1+ a, a > 0 the inequality is equivalent to
k+1+a k+1+a k+1 k+1
fl@)={—— <\ — .
k+a k

Fora = 0, we have equality, and is a decreasing function im as can be seen from the
derivative

o 1 3 1
f(a).—K[In(1+k+a) k+a:|,K>0

A
K+

and the estimate ¥ = < e+ O

The above estimate is sharp when the sequence of second differences has one nonzero
entry, exactly where mayy; attains its maximum. This is the case when the control
polygon has the shape of a hat (cf. row 3 of Figs. 8 and 9).

Corollary 4.1. The bound in Theorer.1is sharp for all degrees.

Proof. The polynomial

p—ZJB"+ Z ([—}—j)b’;’

j=r1+1

hasA,b; = 0 for all i except forAzb .4 —2. Therefore

41~

[4--5 (8-}t £ (18]
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Hence at* =[41/d,
_ )\ *y
L—p) )—Zﬁrg”%ﬁt ) = [1A2b|11N1(d)
as claimed. O

The norms of the second difference vector in Theorems 3 and 4.1 can be viewed
as measuring an approximation to maximal curvature and total curvature, respectively.
Sharpness is obtained in the first case when the curvature is distributed most evenly, in the
second case, when it is distributed most unevenly.

Analogously, the average curvature is approximated Ayb ||, yielding a bound (cf.

Fig. 8)
[P — €lloo,0,11 < N2(d) [ A2b 2.
We state without proof that

No(d) := mkaXII l Bki () ll21lx
and

[N2(2), ..., N2(20)] = [0.2500Q 0.2986 0.3853 0.4331, 0.5015 0.5480
0.6079 0.6530 0.7079 0.7517,0.8032 0.8458 0.8946
0.9361,0.9829 1.0235 1.0686 1.1084 1.152Q.

Another family of bounds, more local to each segment, may be obtained by replacing
the maximum valueN,(d) of >, Bx; over all intervals[#, %r+1] by the maximum
k(d — k)/(2d) over the particular segment.

Choosingnth differences of the control point vector far> 2, e.g., third differences,
leads to bounds that include at least one second difference estimate such as the term
Ny (d)| A2bg—1]. In particular in view of the analysis of repeated subdivision, this does
not result in better or structurally different bounds to the bounds for second differences.
Forn = 0, we have from the partition of unity

lp = £lloo,10,11 < IIPlloo,i0,17 + €ll0o,10,11 < 2 Max|b;|,
1

and 1- B¢ at 1/2 shows asymptotic sharpness of the bound as cc.
For completeness we state the result for first differences.

Theorem 4.2. The distance from the univariate, scalar-valued, degtgmlynomialp to
its control polygory is bounded by

lp(#) — £(®)llo0.[0.1] < Loo(@) | AD||oo,
whereL o (d) := 2Ny (d) = 4Noo(d)B?%] (141/d).

Proof. With bo=b, =0, Ab; := b;+1 — b;, and (cf. Fig. 4)

i i 0, ifi <k,
Vki(l)l=zakj=ZB;1—{k—l—l—dt, if i =k,
j=0 j=0 1, if i >k,
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0/6 1/6 2/6 3/6 4/6 5/6 6/6
Fig. 4. The first antidifferences; (1) := y; (t) on t € [ty tx+1] = [k, k + 1]/d, for d = 6 and
i=0,...,5 (solidexceptys dotted, and their sumdash-dottejl

we haveAy; := yki — Yk.i—1 = ok; and hence

d d-1 d-1
P = €lloc. 0.1 = max Qakibi k=mkax §Ayk,~bl- k:mkax Z{‘)—ykiAbl- k
1= 1= 1=

< Ablloloo(d),

whereL o (d) := max || Z?:o |killlx- To determind.~(d) we observe thaiy; > 0 for
i <k andy; <0 fori >k and hence

Z|yk,|—2yk1 Zdj m:lfiB;f— Zd; (1_2351)

l# i=k+1 i=0 j=0 i=k+1
k=1 i k—1k—1 d J
= Bd—i— Bf = B‘.’+ B¢
k—1
=) (k=B + Z (j =k = DB} =B + Brir1.
j=0 Jj=k+2

The missing termyyx, changes sign ofx, tx+1]:

ka_ZBd (k+1)+dr = ZBd (k—i—l)ZBd—i-Z]Bd

j=0 j=0 j=0

= Z(j —Kk)B} + Z (j—k=DBY = Brir1— Pu.

j=0 j=k+1
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Since the control polygon of

d
Yk = Zci By
i=0

is monotonically increasing ang = c¢x+1 = 0, there is a unique zet in [#, tx+1] and

d
2Bk, t < zk,

Z|yki|={ p

i=0

2Bk k+1, > Zk.

Sincer’=O |vki| is @ convex, nonnegative function
Loo(d) = 2maX B (tx), Brx+1(tx + D} =2Ni(d). O

We omit the similar derivation df; (d) such that
[ p() =] 10,1y SL2DIAD]I1.

5. Bounding the Hausdorff distance

Introduced by Felix Hausdorff in 1914, the Hausdorff mejrieneasures the distance
of two point setsC andP. It has been used, e.g., in fractal approximation (Petrushev and
Popov, 1987) and nonsmooth optimization (Dem’yanov and Vasil'ev, 1987), and is defined
(cf. (Hausdorff, 1978; Falconer, 1990)) as
WP, L) = max{ sup inf ||L — P|i2, sup inf ||L — P||2}.
LeL PEP pepLeL
The two point sets of interest here are the curve segrifeparametrized by and its
control polygonZ parametrized by. The two numbers whose maximum is the Hausdorff
distance, measure, respectively, the maximum distance of a point on the control polygon to
the curve segment and the maximum distance of a point on the curve segment to the control
polygon. The Hausdorff distance is independent of the parametrization and is bounded
from above by all parametric distance measures:

(P, L) < 1p — Llloc,0,11-
The bound derived earlier for functions is also a sharp bound on the Hausdorff distance
between the two point sets.

Lemma 5.1. The bound

w(P, L) < Noo(d) || A2kl o
is sharp for the Hausdorff distance of a curve segnfeit its Bézier control polygod.
Proof. Setx(t) = y(tr) = 4(1 — r)t. Then the Hausdorff distance 1 is taken on as the

distance of the control poirit; to the curve segment (Fig.|8ft) and the sharpness proof
and perturbation argument of the function case apply directly.
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Fig. 5. Sharpness of the Hausdorff distance estimate.

For an example where, at least in the limit, the maximum distance is taken on as the
distance of a point on the curve to the control polygon, consider= ¢, y(t) = hq(t),
whereq(t) := 4(1 — t)t. The distance from the curve poiflt/2, i) to the nearest point on
the control leg ish — 843 + O(h°) approaching the Hausdorff boundioisi goes to zero
(Fig. 5right).

6. Bounding subdivision

Refinement, in particular adaptive refinement of the control point sequence to the
function or curve can be achieved by creating control polygons for subintervals of the
domain. Specifically, we consider

d
pxt) = po.(t) ==Y _biB{ (1)
i—0

the restriction of

d
p(t):=_biB{ (1)

i=0
to the intervall0, x], 0 < x < 1. The coefficients of the restriction can be computed by de
Casteljau’s algorithm

b :=b;, i=0,....d,

forj=1,...,d

j—1

bl =1 —x)b! 4 xbl), i=0,...,.d— ]

The recurrence expands to

i i
bf =by=Y_ Bi(x)by = Bi(x)bx

k=0 k=0

fori =0,...,d — 2. Fig. 6 illustrates the second equality,
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bi+2
b1+1
b=h b, b,

Fig. 6. The coefficient$; of the restriction of the polynomigb to [0, x] are obtained as convex
combinations of the coefficienh% of theith step of de Casteljau’s algorithm.

A2bY q = b —2b7, | + by, , = x?(b) — 2b} + b)
i
= x2(A2bﬂ) =x2 |:Z B;. (x)Azbj+1:| .
j=0

The bound on the restriction is therefore just a scaled version of the original bound.

Lemma 6.1. The distance betweegno ,(7), the restriction ofp to the interval[0, x], and
I10,x1(1), the corresponding control polygon, is bounded by

Il 21031 (1) = £10.x7 (1) 00, 10.x] < X*Noo (@) | A2b || 0o,

where||A2b|« is the maximum absolute second difference of the coefficient sequence of
PI0o,1]-

Since the bound is sharp for any quadratic we have the following corollary.
Corollary 6.1. The constantsl, (d) are sharp under subdivision.

For example, subdividing (r) := 4(1 — #)t at 0< x < 1 into gjo,] andgqj,,1;, we get
q10.x) = 2x - 2(L— 1)t + 4(1— x)x1?, and
la10.1(1/2) = €10.11(1/2) | = | (x + (L= x)x) — 2x| =22

equals the bound[2(2x) — 4(1 — x)x].
The next lemma establishes the quadratic rate of convergence of the control polygon to
the curve segment under subdivision.

Lemma 6.2. The distance between the polynomial and its control polygon aftéold
subdivision at the local parameteris bounded by

X" Noo () | A2b | 0

wherex :=maxx, 1— x}.
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optimal subdivision parameter for deg=3
0.7 T T T T T

0.651 4

0.6

o
o
o

e
o

optimal x for subdivision

I
»
@

0.4

0.35 I L L ' L
-4 -3 -2 -1 0 1 2

shifted 2nd difference ratio: [b0-2b1+b2)/[b1-2b2+b3]-1

Fig. 7. The optimal subdivision parameteof a cubic as a function of, whereAsbg =1+ § and
Aob1 = 1.

Proof. By symmetry, the bound for the polynomial restricted to the intefwal] is

1PLe.11() = €1 11 lloo, .11 < (1= X)*Noo () [| A2b ||

and hence the distance of the curve segment to the union of the control polyggpsof
and pix.1; is bounded bx?Ny (d) || A2b|loo. O

With the identity

i
Agb¥ 4 =x? [Z B,i(x)Azbk+1:|

k=0

derived earlier, the problem @ihding the optimal subdivision parametebecomes

}.

min  max {|AzbF], |AzbF ]}
x€(0,1)i=1,....d-1

i
(L= D Bi(L—x)A2by-1-k

k=0

i
> Bi(x)Azbiia

= minmax{x2
X i
k=0

e Ford =2, after scaling byA2bg, the problem becomes
minmax{xz, a- x)z}
X

andx = 1/2 is optimal.
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e For d = 3, assuming the curve is not a straight line, the second difference can be
normalized by dividing by a nonzem,b;, without loss of generalith2b2. We may
therefore assume thatyb1 = 1+ § and Azb2 = 1. The problem becomes

minmax{x?|1+ 8], (1 — x)2, x2|1+ 8 — 8x/, (1 — x)?|1+ 8(L — x)|}.
X

The numeric solution to the problem is displayed in Fig. 7. The limiting optimal value
X400 & 0.43, is the solution ofl — x)2 = x2.
A popular criterion for determining the subdivision parameter for adaptive subdivision is
the curvature of the Bézier segment. We see that neith@r£o2 nor ford = 3 is the point
of maximum curvature necessarily the distance minimizing subdivision parameter.

7. Bounding degree-raising

Expressing a polynomial of degrekin Bernstein—Bézier form in the baslsﬁ”l by
multiplying the polynomial byB(} + Bl = (1—1) + 1 is called degree-raising. Clearly,
the number of coefficients increases by one and since the new coefficients are obtained as
convex combinations of the original coefficients, it is possible to show convergence of the
sequence of control polygons corresponding to repeated degree-raising to the graph of the
polynomial on[0, 1] (see, e.g., the analysis in (Prautzsch and Kobbelt, 1994)). The next
lemma reveals the exact rate and constant of convergence.

Lemma 7.1. Let¢2? be the control polygon of the polynomialof degreel raised to the
formal degree€*d. Then

1
np—ﬂwwmﬂ<émammnwm,

where | A2b| o is the maximum absolute second difference of the original coefficient
sequence.

Proof. Define the coefficients? ™! by

d d+1
A—14+0 Y bIBI0) = b BI ).
i=0 i=0
Differentiating twice yields
d—2 d-1
dd -1 Al B2 =(d+1)d Yy Aab?HBI
i=0 i=0

Since degree-raising averagéi®»b?*t1|,, attains a maximum when all second differ-
encesAzblf’ are equal, implying

d-1
|mw“wm<JIﬂAwww
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The distance between the control polygdri! of the degree-raised Bernstein representa-
tion andp is therefore

Ip — € oo 0.1 < K (d, d + DNoo(d) | A2 [ oo,

where
d—1Ny(d +1)
Kd,d+1l)i=————=
( ) d+1 Ny(d)
Analogously,
dd—1 %*a) 1. if diseven 1
K(d,zkd):zkd(zkd )1 N“(d)=§ e L <3 O
( +1 NOO() [CESYAICES R if d is odd

The effect of degree-raising on the bounds is illustrated in rows 5 and 6 of Figs. 8 and 9.

Both degree-raising and subdivision generate control polygon sequences that converge
to the graph of the function. However, doubling the degree by repeated degree-raising
from 2¢d to 2¢+14 requires(gf,ﬁ) - (23:1) A 3(23:1) additions and multiplications while
generating the same number of coefficients via subdivision at midpoints costs only
2k (‘é) operations. Moreover, the (asymptotic) reduction #2 Implies slower guaranteed
convergence than the reduction byalof subdivision at the midpoint.

8. Bound improvement at the end points

Since p interpolates, the bound of Theorem 3 can be improved at the end-point
p(0) = bg and, symmetrically, atp(1) = b,;. The first-order Taylor expansion gf
at 0, p(0) + p’(0)r, agrees with the first leg of the control polygon, parametrized by
(1 —dt)bg + dtb1. Hence, forr € [0, 1/d] and&(z) € (0, 1),
P”(S(I))tz dd—1)

5 < | A | o 12

|p(t) — [(L—dt)bo + dtb1]| = :

d-1
< T”AZb“oot'
In other words, o0, 1/d], p is confined to a triangle with vertices

d-1
bo and b]_ + THAZZJ”OO

9. Bound examples

The gallery of examples collected in Figs. 8 and 9 illustrates (1) sharpness for the
Noo bound, (2) approximate sharpness of Mg bound, (3) sharpness of tiN bound,
(4) effect of inflection points, (5) more inflection points, (6) degree-raising. In particular,
Fig. 9 shows the benefits of combining bounds.



D. Nairn et al. / Computer Aided Geometric Design 16 (1999) 613-631 629

AU
S S S

AR A
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Fig. 8. The control polygon igdashed the bounding regiorshaded (From top to bottom)
O[O 11 0,2[0 1 3 6 10 14, (3)[0 1 2 3 2 1,#[0 1 -1 O],
(B)[0 -7 2 -5 4], (6)the same polynomial raised to degree 10. (Flafirto right:) bounds
implied by (a) theL~ bound, (b) theéN; bound, (c) theéN, bound, (d) theNs, bound.

10. Conclusion

The explicit bounds on the distance of the control polygon to its Bézier segment pre-
sented in this paper facilitate a constructive, quantitative derivation of the fundamental
piecewise linear control and approximation properties of the Bernstein—-Bézier represen-
tation. The proof technique applies to uniform (B)-splines (Lutterkort and Peters, 1998),
splines with arbitrary knot sequences, and extends to several variables, not just by ten-
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AIAAAA

- -
AN 7 N\
b N 7 3
/‘k/ S
> - WY N
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Fig. 9. The control polygon idashed the bounding regioshaded (Fromtop to bottom) functions
as in Fig. 8. (Froneftto right:) bounds implied by (a) the min-max bound, (b) tig bound clipped
against the min-max bound, (c) thig, bound clipped against the convex hull, (d) the convex hull.

soring. Applications of the bounds for splines over arbitrary knot sequences are given in
(Lutterkort and Peters, 1999).
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