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Abstract

We present best bounds on the deviation between univariate polynomials, tensor product
polynomials, Bézier triangles, univariate splines, and tensor product splines and the corresponding
control polygons and nets. Both pointwise estimates and bounds dry,therm are given in terms
of the maximum of second differences of the control points. The given estimates are sharp for
control points corresponding to arbitrary quadratic polynomials in the univariate case, and to special
quadratic polynomials in the bivariate case2000 Elsevier Science B.V. All rights reserved.
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1. Introduction

Spline control polygons and nets model the functions they represent, and the order of
convergenceis well known as the knot spacing tends to zero (Cohen and Schumaker, 1985).
First quantitative bounds better than those implied by the convex hull property are given
in (Prautzsch and Kobbelt, 1994). However, they are not optimal and hard to evaluate
since they depend on derivatives of second through highest order of the given spline or
Bézier curve. Then recently, Nairn, Peters, ad Lutterkort published a pioneering paper on
polynomials in Bernstein—Bézier form (Nairn et al., 1999). For various valugs arfid
i, they succeed in specifyingest constant®/ (d, p, ) such that the maximal deviation
between a polynomial and its Bézier control polygon is boundet &¥, p, w)||A* Pll,,
whereA* P denotes the vector qfth forward differences of the control poinis
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Sharp results on uniform splines were first presented in a conference talk by David
Lutterkort.2 Meanwhile, non-uniform splines have been discussed in (Lutterkort and
Peters, 1999), where the difference between a spline and its control polygon is bounded by
a piecewise linear function times the maximum of certain weighted second differences of
the control points. For specific convex splines, this bound is sharp at the Greville abscissae.

The approach presented here is different, and was developed at the same time and
independent of (Lutterkort and Peters, 1999). Using only basic spline properties like linear
precision and positivity, it is completely elementary and admits to construct a bounding
function which issharp everywhereror a splineB“ (t) P of degreed with control points
P denote the control polygon biy“ (1) P. Further, letB¢(r) P* = t?/2. Then it is our main
result that

|BY(t)P — H (1) P| <|BY(t) P* — H (1) P*| | A% P o,

where A%2P denotes the vector of control points of the second derivaliv®? (1) P =
BY=2(t)A%P. With 11; the mean valugi.e., a Greville abscissa, amx;}? the varianceof
alwaysd consecutive knots, we obtain in particular

2
oO“
|B ()P — H(uj)P| < énAanm,

and
sup; o2
|BYP—HIP|_ < 72151 LIA%P s

implying the quadratic convergence of the control polygon as the knot spacing tends to
zero. In all three estimates, equality holdsif P is a quadratic polynomial.

Evidently, the pointwise estimate implies bounds bp-norms of the difference.
Further, we generalize our results to tensor product splines and Bézier triangles. While
general L ,-results are interesting in their own righk,,, bounds are also useful in
applications such as intersection or rendering algorithms.

The paper is organized as follows: In the next section, we detail the basic ideas of our
approach for the special case of polynomials in Bernstein—Bézier form. Further, we derive
a lower bound showing that the given upper bound is asymptotically exact when applied in
the context of subdivision. The third and the fourth section generalize the univariate results
to bivariate tensor product polynomials and Bézier triangles. Finally, in the fifth section
we present local and global results for univariate splines and tensor product splines with
arbitrary knot sequences.

2. Polynomials in Bernstein—Bézier form

Let P? be the space of polynomials of degree less than or equabtothe unit interval
[0, 1]. We denote by

2D. Lutterkort, 11/16/1998, Dagstuhl conference on “CAD-Tools and Algorithms for Product Design”.
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BY=[Bg.....BJ].  H'=[H{....,H]].
L'=[L§,....L4]=B" - H’

the row vectors of the Bernstein polynomials of degde¢he hat functions with respect
to the break pointsj‘.’ =j/d, j =0,...,d, and their differences, respectively. Any

polynomial g € P4 can be written in Bernstein—Bézier form gs= BP, where P =

[Po, ..., Ps1' € R?*1is a column vector of real valued control points. The corresponding
control polygor: = H? P is a piecewise linear function with valuéy at the break points

t¢. Further, we denote bpa#*P = [AfP,. ..,AZ_#P]t the vector of theuth forward
ofifferences ofP.

2.1. Alocal bound

Itis our goal to derive a sharp bound on the deviatibhP| between a polynomia< P
and its control polygor/ P at a fixed argumente [z, ¢, ;1 C [0, 1]. More precisely,
we are seeking the smallest constaiit, d) with

|(BY(t) — HY®)) P| = |LY () P| < N(t,d) | AP oo

for all P. We note than?(P — P’) =0 if and only if P — P’ is a linear sequence of the
formai +8,i =0,...,d, what in turn is equivalent td¢ P = L¢ P’ by linear precision.
This observation has two consequences. First, we can asBumeP;,1 = H4(1)P =0
without loss of generality when considering the rangé&bfr) P. Second, since the above
inequality is trivial for|| A% P||» = 0, we can scale it and obtain

, RITL={P R p= P =0A|A%P|o = 1.

N(t,d):= max |B(1)P
PGRZ{H

It is quite evident that the maximum is attained if all second differences afe as large
as possible. To be more specific, consider a vedtanith Q; = Qi1 =0 andA2Q > 0.
The corresponding control polygdi? Q is convex, hence? > 0 and alsoB“(r)Q > 0.
Let P¥ e RY™ satisfy A2PF = [1,...,1]" Then A?2P* + AP = A2(PX £ P) > 0
and consequently? (r)(P* + P) = B(1)P* + BY(r)P > 0 for all P e RY™. Thus,
BY(t)P* > |BY(t)P| and N(t,d) = B%(1) P* is the wanted constant fare [r{, { ;1.
More generally, by linear precision it i%/(t,d) = LY(t)P for any P with A2P =
[1,...,1]". For instance, we may chooge := j(j — d)/2 independent of.

To sum up, we obtain the following result on the differedcde? between a polynomial
B4 P and its control polygoii ¢ P:

Theorem 2.1. LetPJ’.‘ =j(j—d)/2,j=0:d. Then
ILY()P| < LY (1) P AP
forall r € [0, 1] and P e R4+, Equality holds ifBY P € IP?.

The polynomialg* := B¢ P* is quadratic and has zeros & {0, 1}. Since D%¢* =
d(d — 1), we obtaing*(t) = d(d — 1)t(r — 1)/2. The control polygorH“P* can be
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evaluated easily, but also the following estimate might be of interest.qgt) =
d?t(t — 1)/2 be the parabola interpolating the control polygon at the break points. Then
gt (t) < H (1) P* for t € [0, 1] and we obtain

LYOP < qg* () —qt(t)=dt(L—1)/2=: N, d).

The sub-optimal constami(z, d) is in general slightly worse thaN (7, ), and only sharp
fort = t;l being a break point. However, the resulting inequality takes on a very simple
form,

(1-1)

dt
L P| < 5 | A%P | oc.

2.2. Global bounds

The results of the previous section immediately imply boundsLganorms since
for fixed | A%P||» the pointwise deviations are maximized simultaneously by quadratic
polynomials withg* = B? P* being a canonical representative. The following result
contains Theorem 3.1 and Corollary 3.1 in (Nairn et al., 1999) as special cases.

Theorem 2.2. Denote by]| - ||,, 1 < p < oo the L,-norm on the unit interval, and let
P¥=j(j—d)/2,j=0:d.Then

ILY P, < ILYP*p | APl

for all P € R4*1, where equality holds iB? P € P2

With w2(d) =0 if d is even, andv2(d) = 1 if d is odd, we obtain for instance

d—1 343 — 542 +3d — 1\ Y2
LdP* — , LdP* — ,
[ llx Iz [ ll2 ( 3600 )

d w(d)
LIP oo = = — )
I lloo 8 8d

Finding the first two values amounts to summing up finite quadratic and cubic sequences,
whereas the third one can be determined following an argument from (Nairn et al., 1999).
LYp* = |L4P*| is a piecewise convex function, hence attains its maximum at one of
the break points. For = t;l we haveL?(r)P* = dt(1 — 1)/2. Hence, evaluation at the

break poinlzr[’d/2J =1/2 — wa(d)/2d, which is the nearest neighbor of the center1/2,
yields the given constant. An explicit bound in closed form can be found when estimating
L% (1) P* by the sub-optimal constant(, d),
d d (T(p+1>\"7
LiP*), < =|lr(@—1 =\ =7 .
I Iy 2“ ( )”P 2(F(2p+2)>

We obtain for instance

ILYP* 1< d/12,  |LYP*|2<d/v120  ||LYP*||» < d/8.
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2.3. Alower bound

Letgiap(t) :=gla+t(b—a)) = B Py4.p) be the Bernstein—Bézier representation of the
part of the polynomia¢ = B P corresponding to the intervt, b] C [0, 1]. Subdivision,
which refers to splitting; into two partsg|o xj, g[x.1] @t @ pointx € (0, 1), is a convenient
tool, e.g., for adaptive rendering of Bézier curves.

In order to optimally reduce the deviation between a control polygon and the
corresponding polynomial it is suggested in (Nairn et al., 1999) to cheasethat the
maximum of||A2P[0_,x]||OO and ||A2P[x,l] llo is minimized. However, sharpness of the
bound provided by Theorem 2.1 is not sufficient to justify this approach rigorously. The
crucial point is that the actual error is not only estimated, but in fact approximated by the
given bound. The following lower bound is in general not sharp, but helpful for judging
this problem.

Theorem 2.3. With the notations of Theorethlwe have

1LY P*)|, (1A%P oo — I1A3PIIL) < ILYPN, < IILP*pllAPPllos, P e R4

Proof. Without loss of generality, we assunié\2P ||, = max; AfP = 1. The inverse
triangle inequality implies

LT Pl = ILY Pl = | L9P = Y], Z LT P*]p (L= 1A%(P = P¥)lloo)-

Since A2P* = 1, the vectorA2(P — P*) contains a zero. Hence, it can be estimated by
|A%2(P — P*)|loo < [|A3(P — P*)||1 = ||A%P|1 and the assertion follows. O

The inclusion of the actual deviation provided by Theorem 2.3 is asymptotically
convergent in the following sense. Consider the segmeni; = B¢ Py of the
polynomialg = BYP. With h := b — a we haveA3P, ;) = O(h®) ash — 0 implying
that the differencel.? P*||A3Py, ;|1 between the upper and the lower bound is also
of order Q%%). On the other hand, the deviation between the control polygon and the
corresponding polynomial decays a$h®), and not faster than that away from zeros of
the second derivative. Hence, the ratio of the actual devia\|tld‘rPa,b||p and the bound
ILY P*|| | A2 Pig b ll oo tends to 1 ag — O almost everywhere. We conclude that at least
asymptotically the given bound is indeed well suited for predicting optimal subdivision
points.

3. Tensor product polynomials

The results of the preceding section readily generalize to the tensor product setting.
Confining ourselves to the bivariate case for the sake of simplicity, we consider the space
P9 of polynomials of bi-degred = (d1, d2). Any polynomialg € P9 can be written in
Bernstein—Bézier form ag(r1, 12) = B9 (1) P(B%(12))!, whereP is a(d1 + 1) x (d2+1)-
matrix of control points. The control net corresponding(a, 72) is the piecewise bi-linear
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function a(r1, 12) = H%(11) P(H%(10))!. The deviation betweep and# is expressed by

means of a linear operatbf (11, ) acting on matrices of control points according to
L9(t1, 1) P := B (1) P(B% (1)) — H(11) P(H% (1))

The vectorL4 (1) = B4(r) — H(r) continues to denote the difference vector of univariate
Bernstein polynomials and hat functions.
In order to measure directional second forward differences, we define

A2P|loo := Max ||A%P;]lo, AZP|oo := | A2 PY|nc,
IATP o Ogigdll i lloo [ASP]loo == AT P |loo
wherePy, ..., P; are the column vectors df.
3.1. Local and global bounds

Theorem 2.1 implies the local bound
LY, 22) P| = | B%(10) P(B% (1)) — H (1) P(H% (1))
<| LB ) P(H%(12))'| + | B2 (1) P(L% (1))
< LU(11) P* | A2P|| oo + L% (12) P*|| AZP | .

Equality does not hold for all bi-quadratic polynomials, but for polynomials of the form
altf + a2t22 with ayap > 0. For theL ,-norm of the deviation we obtain

ILPI, < LG PH|ATP oo + L2(12) P*|A5P o |-
Evaluation of the right hand side yields for instance

ILOP L < ILAP* 1 ATPlloo + IL2P* 1] ASP oo,

2 2 1/2
IL9PlI2 < (Z L% P*I5IAZPIS, +2] | ||LdfP*||1||A,-2P||oo) :
i=1 i=1

ILYPlloo S ILAP* ool ATPlloo + 1L P* oo | AP oo
For generap, evaluation of the bound is costly since it does not reduce to precomputing

constants. Instead, integration has to be performed repeatedly for varying control points.
In this case, the estimate

ILOPY, < ILAP* |, ATP oo + 1L P | ASP oo

provided by the triangle inequality ih ,-spaces can be used.

4. Bézier triangles

Let P4 be the space of bivariate polynomials of total degree less than or equdal to
on the unit triangle?” := {(u, v) € Rf x RJ: u + v < 1}. The set of multi-indices with
normd is denoted by/¢ := {a € Ngz || = a1 + a2 + a3 = d} and contains:(d) :=
(d + 1)(d + 2)/2 elements. Using for instance lexicographical ordering, we collect the
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Bernstein polynomialﬁj, o € 14, of degreel in a row vectorB? and the corresponding
control pointsP, in a column vecto? € R"¥ . Then any bivariate polynomigle P4 can
be written in Bernstein—Bézier form gs= B P.

The three direction mesh with vertica§ := («1/d, a2/d), a € I¢, provides a
triangulation of7". Its trianglesTy g, := conutd, t‘é, t;{) are the convex hulls of always
three neighboring vertices with indices— B| = |@ — y| = |8 — y| = 1. The hat functions
HY, o € 14, with respect to this triangulation are collected in a row vedidr, and the
control net corresponding to the polynomigd P is the piecewise linear functiof“ P
with valuesP, at the vertices?. The difference between Bernstein polynomials and hat
functions is denoted by := B — H?.

With the directionss; = (0, 1, —1), 82 = (—1,0, 1), 83 = (1, —1, 0), the mixed second
differences at the inner control points are

Ay P =Py 5+ Pus,,— Pass;— Pu, i=123 mod3
They are collected in a vectax?P and measure the kink between neighboring facets of
the control net in such a way that the control polygon is convex if and oy # > 0.
4.1. Alocal bound
Let (u,v) € Ty g,, C T be fixed, then we are seeking the smallest cons¥ant v, d)
with
L (u, ) P| < N, v,d)|| A®Plloo

for all P. As in the univariate case, we infer from linear precision th&¢P — P’) =0 if
andonly if L¢P = LY P’, hence

N(u,v,d)=max{|B'P|: Py = Pg=P, =0 [A%P|ls =1}.
Using the same convexity and positivity arguments as in Section 2, we find that the
maximum is attained if all mixed second differences are maximal. In general, we have
N(u,v,d) = L?P forany P with AP =1, ..., 1]'. Again, a suitable control ngt* can
be found independent of the location @f, v). The following choice is easily verified by
inspection.
Theorem 4.1. Let P} = —(a102 + a3 + azae3), € 1. Then
|4, v) P| < L (u, v) P*|| AP o
forall (u,v) e T and P € R*@),
Equality does not hold for alB? P € P2, but for B¢ P e P! @ spari B¢ P}. The control
net P* yields the polynomial
g w,v) =B u,v)P* =d(1—d)(uv +vw+wu), w:=1—u—v,

while the quadratic polynomial interpolating the control net at the vertices s, v) :=
—d?(uv + vw + wu). By gt (u, v) < H(u, v) P*, we obtain

L, v)P* < g*u,v) — gt (u,v) =duv + vw + wu) =: 1\~/(u, v,d),
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and the resulting inequality is

|LY(u, v)P| < d(uv + vw + wit) || A% P .
4.2. Global bounds
The pointwise estimate of Theorem 4.1 implies the following global bounds.

Theorem 4.2. For 1 < p < oo denote by - ||, the L ,-norm on the unit triangle’, and
let P} = — (o102 + 103 + otp03), o € 11, Then

ILYPlp < ILYP*| 5 A%Plloo
forall P e RM),

With w3(d) =0 if d is a multiple of 3, andv3(d) = 1 otherwise, we obtain for instance

d—1 843 — 1542+ 84 — 1\ /2
”LdP*”l:T’ IILdP*||2=< ) ,

240
d ps d w3(d)

1L P oo = 3 Tag
Again, the first two values are obtained by summing up finite sequences. For determining
the third one, we note thdt? P* = |L? P*| is a piecewise convex function, which attains
its maximum at one of the vertices. Far, v) = t¢ we haveL(u,v) P* = N(u, v, d).
Letd =3m +k, k e {—1~, 0, 1}. Thentg, m.a—2m) is the nearest neighbor of the center
(u,v) = (1/3,1/3), and N (m/d, m/d) is the given constant. Simplified expressions are
obtained when estimatingy” (u, v) P* by the sub-optimal constant(u, v, d),

ILYP* |, < dlluv + vw + wul .
We obtain for instance
ILYP*|l1<d/8,  |ILYP*|2<d/v30,  ||LYP*| <d/3.

5. Splines

Ford > 2 IetS‘; be the space of splines of degree! with knot sequenc& = {;} jcz,
where we assume continuity throughout, i.e., all knots have multipkcity We denote by
B? = {BY} ez the sequence of B-splines with supp = [}, 7;+a+1]. Any splineg € S§.
can be written ag = BYP := > jez B;.’ P; with P € R a sequence of real control points.

Mean value and variance gfconsecutive knots are given by

13 1
Wi I=Eztj+1, 0j21=m2(lj+i — 1j)%.
i=1 i=1

The pointsy j, also referred to as the Greville abscissad pform a strictly monotone
increasing sequend¥ = {i;};cz. The hat functions with respect t& are denoted by
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HY= {HJ‘.’}jeZ. The control polygork = H/P =3, H]‘.’ P; associated with the spline
B?P is a piecewise linear function with valus at » ;. The difference between B-splines
and hat functions is denoted iy := B¢ — H?.

Further, we define the difference operatoss': P {A‘].‘P}jez by D*BIp =

BI=H AP, In particular,

1 1
Pi—Pj_ AP — A+ P
A}p:dfifl, A?P:(d—l)#.
lji+d —1j lji+d—1—1j

A%P is the slope of the control polygon dpj_1, 1, while A?P is a positive multiple

of the second divided difference & P at the Greville abscissdg 2, 1tj—1, 1¢;]1. Thus,
A2P >0 if and only if the control polygon is convex.

5.1. Alocal bound

Letr € [uk, ux+1] be fixed. Then we are seeking the smallest congtdntd) with
|(BY(t) — H'®)) P| = |LY(1)P| < N(t. )| A*Plloo

for all P. As before, we infer from linear precision tha?(P — P’) = 0 if and only if
LYP =L4P', hence

N(t,d) = ma>Z(|Bd(t)P|, RZ:={P eR”: Py = Pi1=0A||A?P| e = 1}.
PeRk

Using the same convexity and positivity arguments as above, we find that the maximum is
attained if all second differences are maximal. In general, we Maved) = L¢P for

any P with A2P =1 for all j € Z. Again, a suitable control polygon can be chosen
independent of the location of In order to do so, we consider Marsden’s identity,

o= Bio) [] @-o.
jez i=j+1

Differentiating(d — 2)-times with respect ta, we find that the sequence

1 j+d  j+d Mg o2
Pfi=—— nte=—---L jez, 5.1
7 dd-D z‘;-le;i-l T2 &

generates the spling? (1) P* =12/2. In particular,A?P* =1forallj e Z.
Theorem 5.1. With P* defined according t¢5.1),
LY P| < LYt P APl

forall r € R and P € RZ. Equality holds ifBY P € P?.
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Evidently, it is possible to restrict the norm on the right hand side to those entries of
A?P which depend on control points affectidd () P. More precisely, let € [, tx11).
Since SUDIB;J =[tj, tjta+1l andpg—g <tx < ti1 < i,

k k
B'myp= Y Biw)P;.  H'©P= > H!M)P;.
j=k—d j=k—d
The control pointsP_q4. ..., Px define the second differences? ,.,P..... AZP.

Hence, we set
AP 00 :=max{|AZP|: k—d +2< j <k, t €[tk, tr+1)},
and specify the statement of Theorem 5.1 by
LY P| < LY P*|A%Pl00, tER, PeRZ (5.2)

For a closer look aL4(r) P* we note that.? (u;) P* = okz/(Zd), and between each pair of
Greville abscissae, it is a quadratic function wiBRL4 (1) P* = 1. Hence,

(k= 00F 4 + (= m=DOF (i =)t — px—1)
2d (g — pi—1) 2 ’

A simplifying estimate for this expression can be found using a standard bound on the
variance in terms of the range of data,

LY()P* =

t € [pk—1, il

maxo/ 1,07} < Wita — 1)?
2d S 8d-1
Using a standard stability argument, saying that the semi-n{pAR# || . and|| D2B¢ P ||«

are equivalent, we easily recover the quadratic convergence of the control polygon to the
spline under knot insertion as the local knot spacing tends to zero.

LY P* < t € [pe—1, il

5.2. Global bounds
The pointwise estimate (5.2) implies the following global bounds.

Theorem 5.2. Let/ C Rbe anintervall < p < oo, and P* be defined according t.1).
TheL ,-norm on/ is denoted by} - ||7,,, and
IAZ P 1,00 := MaX[|AZ P, oo
tel

Then
LY Pllz,p UL P*l7p I A% P 1,00
for all P € RZ, where equality holds iB? P € P2.
Itis straightforward to evaluate the noh“ P*||; , of the positive, piecewise quadratic

function L4 P* provided thatl’, p, andd are explicitly known. More general results can
be obtained for the following special cases.
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First, let p = co. SinceL¢ P* = |L? P*| is a piecewise convex function, it attains its

maximum either at a Greville abscissa or at the boundary-efa, b],

1LY P* 1,00 = maX{ L (a) P*, LY (b) P*, 07/ (2d): puj € I},
Second, we consider the important special case of integer KfictsZ. Here we have
mj=j+@d+1/2 andP;‘ = M%/Z — (d + 1)/24. The function.? P* is 1-periodic and
formed by shifts of the functiorf (r) = (d + 1)/24—t(1—1)/2,t € [0, 1]. For intervals
of the form I = [, nr+1] we obtain

1L P* g, p = 11 f 0,11, 5

for instance

- 542 — 104 4+ 9\ /?
I 7.1 TR I 7.2 (72880 ) ,
d+1
ILYP* 1100 = —a

Of course, it is also possible to recover the results of the second section on polynomials
in Bernstein—Bézier form from Theorem 5.2 by choosing a knot sequEngith d-fold
integer knots.

5.3. Tensor product splines

In complete analogy to the discussion of tensor product polynomials, bounds on tensor
product splines can be obtained easily with the help of the triangle inequality. For the
deviation

d d.
LA, )P =y > BX1) B2 Py )
J1EZ j2€Z
we obtain
L1, 12) P| < L(t1) P* | AZP 1y, 00 + L2 (t2) P*| APl 13,00-
On the interval = I x I> the L ,-norm of the deviation is bounded by
ILAPI,p < [ LG0) PHIATP 100 + L2(2) PHIASP I 1o,

<|LIYPILA P 1y pIAZP 1y p + LY PIL2 P |1, | AP 1y -
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