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Abstract

We present best bounds on the deviation between univariate polynomials, tensor product
polynomials, Bézier triangles, univariate splines, and tensor product splines and the corresponding
control polygons and nets. Both pointwise estimates and bounds on theLp-norm are given in terms
of the maximum of second differences of the control points. The given estimates are sharp for
control points corresponding to arbitrary quadratic polynomials in the univariate case, and to special
quadratic polynomials in the bivariate case. 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction

Spline control polygons and nets model the functions they represent, and the order of
convergence is well known as the knot spacing tends to zero (Cohen and Schumaker, 1985).
First quantitative bounds better than those implied by the convex hull property are given
in (Prautzsch and Kobbelt, 1994). However, they are not optimal and hard to evaluate
since they depend on derivatives of second through highest order of the given spline or
Bézier curve. Then recently, Nairn, Peters, ad Lutterkort published a pioneering paper on
polynomials in Bernstein–Bézier form (Nairn et al., 1999). For various values ofp and
µ, they succeed in specifyingbest constantsN(d,p,µ) such that the maximal deviation
between a polynomial and its Bézier control polygon is bounded byN(d,p,µ)‖1µP‖p ,
where1µP denotes the vector ofµth forward differences of the control pointsP .
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Sharp results on uniform splines were first presented in a conference talk by David
Lutterkort.2 Meanwhile, non-uniform splines have been discussed in (Lutterkort and
Peters, 1999), where the difference between a spline and its control polygon is bounded by
a piecewise linear function times the maximum of certain weighted second differences of
the control points. For specific convex splines, this bound is sharp at the Greville abscissae.

The approach presented here is different, and was developed at the same time and
independent of (Lutterkort and Peters, 1999). Using only basic spline properties like linear
precision and positivity, it is completely elementary and admits to construct a bounding
function which issharp everywhere. For a splineBd(t)P of degreed with control points
P denote the control polygon byHd(t)P . Further, letBd(t)P ∗ = t2/2. Then it is our main
result that∣∣Bd(t)P −Hd(t)P

∣∣6 ∣∣Bd(t)P ∗ −Hd(t)P ∗
∣∣‖12P‖∞,

where12P denotes the vector of control points of the second derivativeD2Bd(t)P =
Bd−2(t)12P . With µj the mean value, i.e., a Greville abscissa, andσ 2

j the varianceof
alwaysd consecutive knots, we obtain in particular

∣∣Bd(µj )P −Hd(µj )P
∣∣6 σ 2

j

2d
‖12P‖∞,

and ∥∥BdP −HdP
∥∥∞ 6 supj σ

2
j

2d
‖12P‖∞

implying the quadratic convergence of the control polygon as the knot spacing tends to
zero. In all three estimates, equality holds ifBdP is a quadratic polynomial.

Evidently, the pointwise estimate implies bounds onLp-norms of the difference.
Further, we generalize our results to tensor product splines and Bézier triangles. While
generalLp-results are interesting in their own right,L∞ bounds are also useful in
applications such as intersection or rendering algorithms.

The paper is organized as follows: In the next section, we detail the basic ideas of our
approach for the special case of polynomials in Bernstein–Bézier form. Further, we derive
a lower bound showing that the given upper bound is asymptotically exact when applied in
the context of subdivision. The third and the fourth section generalize the univariate results
to bivariate tensor product polynomials and Bézier triangles. Finally, in the fifth section
we present local and global results for univariate splines and tensor product splines with
arbitrary knot sequences.

2. Polynomials in Bernstein–Bézier form

Let Pd be the space of polynomials of degree less than or equal tod on the unit interval
[0,1]. We denote by

2 D. Lutterkort, 11/16/1998, Dagstuhl conference on “CAD-Tools and Algorithms for Product Design”.
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Bd = [Bd0 , . . . ,Bdd ], Hd = [Hd
0 , . . . ,H

d
d

]
,

Ld = [Ld0, . . . ,Ldd]= Bd −Hd

the row vectors of the Bernstein polynomials of degreed , the hat functions with respect
to the break pointstdj = j/d , j = 0, . . . , d , and their differences, respectively. Any

polynomialg ∈ Pd can be written in Bernstein–Bézier form asg = BdP , whereP =
[P0, . . . ,Pd ]t ∈ Rd+1 is a column vector of real valued control points. The corresponding
control polygonh=HdP is a piecewise linear function with valuesPj at the break points
tdj . Further, we denote by1µP = [1µ0P, . . . ,1µd−µP ]t the vector of theµth forward
differences ofP .

2.1. A local bound

It is our goal to derive a sharp bound on the deviation|LdP | between a polynomialBdP
and its control polygonHdP at a fixed argumentt ∈ [tdk , tdk+1] ⊂ [0,1]. More precisely,
we are seeking the smallest constantN(t, d) with∣∣(Bd(t)−Hd(t)

)
P
∣∣= ∣∣Ld(t)P ∣∣6N(t, d)‖12P‖∞

for all P . We note that12(P − P ′)= 0 if and only if P − P ′ is a linear sequence of the
form αi + β , i = 0, . . . , d , what in turn is equivalent toLdP = LdP ′ by linear precision.
This observation has two consequences. First, we can assumePk = Pk+1 =Hd(t)P = 0
without loss of generality when considering the range ofLd(t)P . Second, since the above
inequality is trivial for‖12P‖∞ = 0, we can scale it and obtain

N(t, d) := max
P∈Rd+1

k

∣∣Bd(t)P ∣∣, Rd+1
k := {P ∈Rd+1: Pk = Pk+1= 0∧ ‖12P‖∞ = 1

}
.

It is quite evident that the maximum is attained if all second differences ofP are as large
as possible. To be more specific, consider a vectorQ with Qk =Qk+1= 0 and12Q> 0.
The corresponding control polygonHdQ is convex, henceQ > 0 and alsoBd(t)Q > 0.
Let Pk ∈ Rd+1

k satisfy 12Pk = [1, . . . ,1]t. Then12Pk ± 12P = 12(P k ± P) > 0
and consequentlyBd(t)(P k ± P) = Bd(t)P k ± Bd(t)P > 0 for all P ∈ Rd+1

k . Thus,
Bd(t)P k > |Bd(t)P | andN(t, d) = Bd(t)P k is the wanted constant fort ∈ [tdk , tdk+1].
More generally, by linear precision it isN(t, d) = Ld(t)P for any P with 12P =
[1, . . . ,1]t. For instance, we may choosePj := j (j − d)/2 independent ofk.

To sum up, we obtain the following result on the differenceLdP between a polynomial
BdP and its control polygonHdP :

Theorem 2.1. LetP ∗j := j (j − d)/2, j = 0 :d . Then∣∣Ld(t)P ∣∣6 Ld(t)P ∗‖12P‖∞
for all t ∈ [0,1] andP ∈Rd+1. Equality holds ifBdP ∈ P2.

The polynomialq∗ := BdP ∗ is quadratic and has zeros att ∈ {0,1}. SinceD2q∗ =
d(d − 1), we obtainq∗(t) = d(d − 1)t (t − 1)/2. The control polygonHdP ∗ can be
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evaluated easily, but also the following estimate might be of interest. Letq+(t) =
d2t (t − 1)/2 be the parabola interpolating the control polygon at the break points. Then
q+(t)6Hd(t)P ∗ for t ∈ [0,1] and we obtain

Ld(t)P ∗ 6 q∗(t)− q+(t)= dt (1− t)/2=: Ñ(t, d).
The sub-optimal constant̃N(t, d) is in general slightly worse thanN(t, d), and only sharp
for t = tdj being a break point. However, the resulting inequality takes on a very simple
form, ∣∣Ld(t)P ∣∣6 dt (1− t)

2
‖12P‖∞.

2.2. Global bounds

The results of the previous section immediately imply bounds onLp-norms since
for fixed ‖12P‖∞ the pointwise deviations are maximized simultaneously by quadratic
polynomials with q∗ = BdP ∗ being a canonical representative. The following result
contains Theorem 3.1 and Corollary 3.1 in (Nairn et al., 1999) as special cases.

Theorem 2.2. Denote by‖ · ‖p , 16 p 6∞ theLp-norm on the unit interval, and let
P ∗j = j (j − d)/2, j = 0 : d . Then

‖LdP‖p 6 ‖LdP ∗‖p‖12P‖∞
for all P ∈Rd+1, where equality holds ifBdP ∈ P2.

With ω2(d)= 0 if d is even, andω2(d)= 1 if d is odd, we obtain for instance

‖LdP ∗‖1= d − 1

12
, ‖LdP ∗‖2=

(
3d3− 5d2+ 3d − 1

360d

)1/2

,

‖LdP ∗‖∞ = d
8
− ω2(d)

8d
.

Finding the first two values amounts to summing up finite quadratic and cubic sequences,
whereas the third one can be determined following an argument from (Nairn et al., 1999).
LdP ∗ = |LdP ∗| is a piecewise convex function, hence attains its maximum at one of
the break points. Fort = tdj we haveLd(t)P ∗ = dt (1− t)/2. Hence, evaluation at the

break pointtdbd/2c = 1/2− ω2(d)/2d , which is the nearest neighbor of the centert = 1/2,
yields the given constant. An explicit bound in closed form can be found when estimating
Ld(t)P ∗ by the sub-optimal constant̃N(t, d),

‖LdP ∗‖p 6 d
2

∥∥t (1− t)∥∥
p
= d

2

(
0(p+ 1)2

0(2p+ 2)

)1/p

.

We obtain for instance

‖LdP ∗‖16 d/12, ‖LdP ∗‖26 d/
√

120, ‖LdP ∗‖∞ 6 d/8.
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2.3. A lower bound

Letg[a,b](t) := g(a+ t (b−a))= BdP[a,b] be the Bernstein–Bézier representation of the
part of the polynomialg = BdP corresponding to the interval[a, b] ⊂ [0,1]. Subdivision,
which refers to splittingg into two partsg[0,x], g[x,1] at a pointx ∈ (0,1), is a convenient
tool, e.g., for adaptive rendering of Bézier curves.

In order to optimally reduce the deviation between a control polygon and the
corresponding polynomial it is suggested in (Nairn et al., 1999) to choosex so that the
maximum of‖12P[0,x]‖∞ and ‖12P[x,1]‖∞ is minimized. However, sharpness of the
bound provided by Theorem 2.1 is not sufficient to justify this approach rigorously. The
crucial point is that the actual error is not only estimated, but in fact approximated by the
given bound. The following lower bound is in general not sharp, but helpful for judging
this problem.

Theorem 2.3. With the notations of Theorem2.1we have

‖LdP ∗‖p
(‖12P‖∞ − ‖13P‖1

)
6 ‖LdP‖p 6 ‖LdP ∗‖p‖12P‖∞, P ∈Rd+1.

Proof. Without loss of generality, we assume‖12P‖∞ = maxj 12
jP = 1. The inverse

triangle inequality implies

‖LdP‖p > ‖LdP ∗‖p −
∥∥Ld(P − P ∗)∥∥

p
> ‖LdP ∗‖p

(
1− ‖12(P − P ∗)‖∞

)
.

Since12P ∗ = 1, the vector12(P − P ∗) contains a zero. Hence, it can be estimated by
‖12(P − P ∗)‖∞ 6 ‖13(P − P ∗)‖1= ‖13P‖1 and the assertion follows.2

The inclusion of the actual deviation provided by Theorem 2.3 is asymptotically
convergent in the following sense. Consider the segmentg[a,b] = BdP[a,b] of the
polynomialg = BdP . With h := b − a we have13P[a,b] = O(h3) ash→ 0 implying
that the differenceLdP ∗‖13P[a,b]‖1 between the upper and the lower bound is also
of order O(h3). On the other hand, the deviation between the control polygon and the
corresponding polynomial decays as O(h2), and not faster than that away from zeros of
the second derivative. Hence, the ratio of the actual deviation‖LdPa,b‖p and the bound
‖LdP ∗‖p‖12P[a,b]‖∞ tends to 1 ash→ 0 almost everywhere. We conclude that at least
asymptotically the given bound is indeed well suited for predicting optimal subdivision
points.

3. Tensor product polynomials

The results of the preceding section readily generalize to the tensor product setting.
Confining ourselves to the bivariate case for the sake of simplicity, we consider the space
Pd of polynomials of bi-degreed = (d1, d2). Any polynomialg ∈ Pd can be written in
Bernstein–Bézier form asg(t1, t2)= Bd1(t1)P (B

d2(t2))
t, whereP is a(d1+1)× (d2+1)-

matrix of control points. The control net corresponding tog(t1, t2) is the piecewise bi-linear
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functionh(t1, t2) =Hd1(t1)P (H
d2(t2))

t. The deviation betweeng andh is expressed by
means of a linear operatorLd(t1, t2) acting on matrices of control points according to

Ld(t1, t2)P := Bd1(t1)P
(
Bd2(t2)

)t −Hd1(t1)P
(
Hd2(t2)

)t
.

The vectorLd(t)= Bd(t)−Hd(t) continues to denote the difference vector of univariate
Bernstein polynomials and hat functions.

In order to measure directional second forward differences, we define

‖12
1P‖∞ := max

06i6d
‖12Pi‖∞, ‖12

2P‖∞ := ‖12
1P

t‖∞,

whereP0, . . . ,Pd are the column vectors ofP .

3.1. Local and global bounds

Theorem 2.1 implies the local bound

|Ld(t1, t2)P | =
∣∣Bd1(t1)P

(
Bd2(t2)

)t −Hd1(t1)P
(
Hd2(t2)

)t∣∣
6
∣∣Ld1(t1)P

(
Hd2(t2)

)t∣∣+ ∣∣Bd1(t1)P
(
Ld2(t2)

)t∣∣
6Ld1(t1)P

∗‖12
1P‖∞ +Ld2(t2)P

∗‖12
2P‖∞.

Equality does not hold for all bi-quadratic polynomials, but for polynomials of the form
a1t

2
1 + a2t

2
2 with a1a2> 0. For theLp-norm of the deviation we obtain

‖LdP‖p 6
∥∥Ld1(t1)P

∗‖12
1P‖∞ +Ld2(t2)P

∗‖12
2P‖∞

∥∥
p
.

Evaluation of the right hand side yields for instance

‖LdP‖16 ‖Ld1P ∗‖1‖12
1P‖∞ + ‖Ld2P ∗‖1‖12

2P‖∞,

‖LdP‖26
(

2∑
i=1

‖LdiP ∗‖22‖12
i P‖2∞ + 2

2∏
i=1

‖LdiP ∗‖1‖12
i P‖∞

)1/2

,

‖LdP‖∞ 6 ‖Ld1P ∗‖∞‖12
1P‖∞ + ‖Ld2P ∗‖∞‖12

2P‖∞.
For generalp, evaluation of the bound is costly since it does not reduce to precomputing
constants. Instead, integration has to be performed repeatedly for varying control points.
In this case, the estimate

‖LdP‖p 6 ‖Ld1P ∗‖p‖12
1P‖∞ + ‖Ld2P ∗‖p‖12

2P‖∞
provided by the triangle inequality inLp-spaces can be used.

4. Bézier triangles

Let Pd be the space of bivariate polynomials of total degree less than or equal tod

on the unit triangleT := {(u, v) ∈ R+0 × R+0 : u + v 6 1}. The set of multi-indices with
norm d is denoted byId := {α ∈ N3

0: |α| = α1 + α2 + α3 = d} and containsn(d) :=
(d + 1)(d + 2)/2 elements. Using for instance lexicographical ordering, we collect the
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Bernstein polynomialsBdα , α ∈ Id , of degreed in a row vectorBd and the corresponding
control pointsPα in a column vectorP ∈Rn(d). Then any bivariate polynomialg ∈ Pd can
be written in Bernstein–Bézier form asg = BdP .

The three direction mesh with verticestdα := (α1/d,α2/d), α ∈ Id , provides a
triangulation ofT . Its trianglesTα,β,γ := conv(tdα, t

d
β , t

d
γ ) are the convex hulls of always

three neighboring vertices with indices|α−β| = |α−γ | = |β−γ | = 1. The hat functions
Hd
α , α ∈ Id , with respect to this triangulation are collected in a row vectorHd , and the

control net corresponding to the polynomialBdP is the piecewise linear functionHdP

with valuesPα at the verticestdα . The difference between Bernstein polynomials and hat
functions is denoted byLd := Bd −Hd .

With the directionsδ1 = (0,1,−1), δ2 = (−1,0,1), δ3 = (1,−1,0), the mixed second
differences at the inner control points are

12
α,iP := Pα−δi+1 + Pα−δi+2 − Pα+δi − Pα, i = 1,2,3 mod 3.

They are collected in a vector12P and measure the kink between neighboring facets of
the control net in such a way that the control polygon is convex if and only if12P > 0.

4.1. A local bound

Let (u, v) ∈ Tα,β,γ ⊂ T be fixed, then we are seeking the smallest constantN(u,v, d)

with ∣∣Ld(u, v)P ∣∣6N(u,v, d)‖12P‖∞
for all P . As in the univariate case, we infer from linear precision that12(P − P ′)= 0 if
and only ifLdP = LdP ′, hence

N(u,v, d)=max
{|BdP |: Pα = Pβ = Pγ = 0∧ ‖12P‖∞ = 1

}
.

Using the same convexity and positivity arguments as in Section 2, we find that the
maximum is attained if all mixed second differences are maximal. In general, we have
N(u,v, d)= LdP for anyP with 12P = [1, . . . ,1]t. Again, a suitable control netP ∗ can
be found independent of the location of(u, v). The following choice is easily verified by
inspection.

Theorem 4.1. LetP ∗α =−(α1α2+ α1α3+ α2α3), α ∈ Id . Then∣∣Ld(u, v)P ∣∣6 Ld(u, v)P ∗‖12P‖∞
for all (u, v) ∈ T andP ∈Rn(d).

Equality does not hold for allBdP ∈ P2, but forBdP ∈ P1⊕ span{BdP }. The control
netP ∗ yields the polynomial

q∗(u, v) := Bd(u, v)P ∗ = d(1− d)(uv+ vw +wu), w := 1− u− v,
while the quadratic polynomial interpolating the control net at the vertices isq+(u, v) :=
−d2(uv + vw +wu). By q+(u, v)6Hd(u, v)P ∗, we obtain

Ld(u, v)P ∗ 6 q∗(u, v)− q+(u, v)= d(uv+ vw +wu)=: Ñ(u, v, d),
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and the resulting inequality is∣∣Ld(u, v)P ∣∣6 d(uv + vw+wu)‖12P‖∞.

4.2. Global bounds

The pointwise estimate of Theorem 4.1 implies the following global bounds.

Theorem 4.2. For 16 p 6∞ denote by‖ · ‖p theLp-norm on the unit triangleT , and
let P ∗α =−(α1α2+ α1α3+ α2α3), α ∈ Id . Then

‖LdP‖p 6 ‖LdP ∗‖p‖12P‖∞
for all P ∈Rn(d).

With ω3(d)= 0 if d is a multiple of 3, andω3(d)= 1 otherwise, we obtain for instance

‖LdP ∗‖1= d − 1

8
, ‖LdP ∗‖2=

(
8d3− 15d2+ 8d − 1

240d

)1/2

,

‖LdP ∗‖∞ = d
3
− ω3(d)

3d
.

Again, the first two values are obtained by summing up finite sequences. For determining
the third one, we note thatLdP ∗ = |LdP ∗| is a piecewise convex function, which attains
its maximum at one of the vertices. For(u, v) = tdα we haveLd(u, v)P ∗ = Ñ(u, v, d).
Let d = 3m + k, k ∈ {−1,0,1}. Then t(m,m,d−2m) is the nearest neighbor of the center
(u, v) = (1/3,1/3), andÑ(m/d,m/d) is the given constant. Simplified expressions are
obtained when estimatingLd(u, v)P ∗ by the sub-optimal constant̃N(u,v, d),

‖LdP ∗‖p 6 d‖uv + vw+wu‖p.
We obtain for instance

‖LdP ∗‖16 d/8, ‖LdP ∗‖26 d/
√

30, ‖LdP ∗‖∞ 6 d/3.

5. Splines

Ford > 2 letSdT be the space of splines of degree6 d with knot sequenceT = {tj }j∈Z,
where we assume continuity throughout, i.e., all knots have multiplicity6 d . We denote by
Bd = {Bdj }j∈Z the sequence of B-splines with suppBdj = [tj , tj+d+1]. Any splineg ∈ SdT
can be written asg = BdP :=∑j∈ZBdj Pj with P ∈RZ a sequence of real control points.

Mean value and variance ofd consecutive knots are given by

µj := 1

d

d∑
i=1

tj+1, σ 2
j :=

1

d − 1

d∑
i=1

(tj+i −µj)2.

The pointsµj , also referred to as the Greville abscissae ofT , form a strictly monotone
increasing sequenceM = {µj }j∈Z. The hat functions with respect toM are denoted by
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Hd = {Hd
j }j∈Z. The control polygonh=HdP :=∑j∈ZHd

j Pj associated with the spline

BdP is a piecewise linear function with valuesPj atµj . The difference between B-splines
and hat functions is denoted byLd :=Bd −Hd .

Further, we define the difference operators1µ :P 7→ {1µj P }j∈Z by DµBdP =
Bd−µ1µP . In particular,

11
jP = d

Pj − Pj−1

tj+d − tj , 12
jP = (d − 1)

11
jP −11

j−1P

tj+d−1− tj .

11
jP is the slope of the control polygon on[µj−1,µj ], while12

jP is a positive multiple

of the second divided difference ofHdP at the Greville abscissae[µj−2,µj−1,µj ]. Thus,
12P > 0 if and only if the control polygon is convex.

5.1. A local bound

Let t ∈ [µk,µk+1] be fixed. Then we are seeking the smallest constantN(t, d) with∣∣(Bd(t)−Hd(t)
)
P
∣∣= ∣∣Ld(t)P ∣∣6N(t, d)‖12P‖∞

for all P . As before, we infer from linear precision that12(P − P ′) = 0 if and only if
LdP = LdP ′, hence

N(t, d) := max
P∈RZk

∣∣Bd(t)P ∣∣, RZk :=
{
P ∈RZ: Pk = Pk+1= 0∧ ‖12P‖∞ = 1

}
.

Using the same convexity and positivity arguments as above, we find that the maximum is
attained if all second differences are maximal. In general, we haveN(t, d) = LdP for
any P with 12

jP = 1 for all j ∈ Z. Again, a suitable control polygon can be chosen
independent of the location oft . In order to do so, we consider Marsden’s identity,

(t − τ )d =
∑
j∈Z

Bdj (t)

j+d∏
i=j+1

(ti − τ ).

Differentiating(d − 2)-times with respect toτ , we find that the sequence

P ∗j :=
1

d(d − 1)

j+d∑
i=j+1

j+d∑
`=i+1

ti t` =
µ2
j

2
− σ

2
j

2d
, j ∈ Z, (5.1)

generates the splineBd(t)P ∗ = t2/2. In particular,12
jP
∗ = 1 for all j ∈ Z.

Theorem 5.1. WithP ∗ defined according to(5.1),∣∣Ld(t)P ∣∣6 Ld(t)P ∗‖12P‖∞
for all t ∈R andP ∈RZ. Equality holds ifBdP ∈ P2.
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Evidently, it is possible to restrict the norm on the right hand side to those entries of
12P which depend on control points affectingLd(t)P . More precisely, lett ∈ [tk, tk+1).
Since suppBdj = [tj , tj+d+1] andµk−d 6 tk < tk+16 µk ,

Bd(t)P =
k∑

j=k−d
Bdj (t)Pj , Hd(t)P =

k∑
j=k−d

Hd
j (t)Pj .

The control pointsPk−d , . . . ,Pk define the second differences12
k−d+2P, . . . ,1

2
kP .

Hence, we set

‖12P‖t,∞ :=max
{|12

kP |: k − d + 26 j 6 k, t ∈ [tk, tk+1)
}
,

and specify the statement of Theorem 5.1 by∣∣Ld(t)P ∣∣6 Ld(t)P ∗‖12P‖t,∞, t ∈R, P ∈RZ. (5.2)

For a closer look atLd(t)P ∗ we note thatLd(µk)P ∗ = σ 2
k /(2d), and between each pair of

Greville abscissae, it is a quadratic function withD2Ld(t)P ∗ = 1. Hence,

Ld(t)P ∗ = (µk − t)σ
2
k−1+ (t −µk−1)σ

2
k

2d(µk −µk−1)
− (µk − t)(t −µk−1)

2
, t ∈ [µk−1,µk].

A simplifying estimate for this expression can be found using a standard bound on the
variance in terms of the range of data,

Ld(t)P ∗ 6
max{σ 2

k−1, σ
2
k }

2d
6 (tk+d − tk)

2

8(d − 1)
, t ∈ [µk−1,µk].

Using a standard stability argument, saying that the semi-norms‖12P‖∞ and‖D2BdP‖∞
are equivalent, we easily recover the quadratic convergence of the control polygon to the
spline under knot insertion as the local knot spacing tends to zero.

5.2. Global bounds

The pointwise estimate (5.2) implies the following global bounds.

Theorem 5.2. LetI ⊆R be an interval,16 p 6∞, andP ∗ be defined according to(5.1).
TheLp-norm onI is denoted by‖ · ‖I,p , and

‖12P‖I,∞ :=max
t∈I
‖12P‖t,∞.

Then

‖LdP‖I,p 6 ‖LdP ∗‖I,p‖12P‖I,∞
for all P ∈RZ, where equality holds ifBdP ∈ P2.

It is straightforward to evaluate the norm‖LdP ∗‖I,p of the positive, piecewise quadratic
functionLdP ∗ provided thatT , p, andd are explicitly known. More general results can
be obtained for the following special cases.
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First, letp =∞. SinceLdP ∗ = |LdP ∗| is a piecewise convex function, it attains its
maximum either at a Greville abscissa or at the boundary ofI = [a, b],

‖LdP ∗‖I,∞ =max
{
Ld(a)P ∗,Ld(b)P ∗, σ 2

j /(2d): µj ∈ I
}
.

Second, we consider the important special case of integer knots,T = Z. Here we have
µj = j + (d + 1)/2 andP ∗j = µ2

j /2− (d + 1)/24. The functionLdP ∗ is 1-periodic and
formed by shifts of the functionf (t) = (d + 1)/24− t (1− t)/2, t ∈ [0,1]. For intervals
of the formIk = [µk,µk+1] we obtain

‖LdP ∗‖Ik ,p = ‖f ‖[0,1],p,
for instance

‖LdP ∗‖Ik ,1=
d − 1

24
, ‖LdP ∗‖Ik,2=

(
5d2− 10d + 9

2880

)1/2

,

‖LdP ∗‖Ik ,∞ =
d + 1

24
.

Of course, it is also possible to recover the results of the second section on polynomials
in Bernstein–Bézier form from Theorem 5.2 by choosing a knot sequenceT with d-fold
integer knots.

5.3. Tensor product splines

In complete analogy to the discussion of tensor product polynomials, bounds on tensor
product splines can be obtained easily with the help of the triangle inequality. For the
deviation

Ld(t1, t2)P :=
∑
j1∈Z

∑
j2∈Z

B
d1
j1
(t1)B

d2
j2
(t1)Pj1,j2

we obtain∣∣Ld(t1, t2)P
∣∣6 Ld1(t1)P

∗‖12
1P‖t1,∞ +Ld2(t2)P

∗‖12
2P‖t2,∞.

On the intervalI = I1× I2 theLp-norm of the deviation is bounded by

‖LdP‖I ,p 6
∥∥Ld1(t1)P

∗‖12
1P‖I1,∞ +Ld2(t2)P

∗‖12
2P‖I2,∞

∥∥
I ,p

6 |I2|1/p‖Ld1P ∗‖I1,p‖12
1P‖I1,p + |I1|1/p‖Ld2P ∗‖I2,p‖12

2P‖I2,p.
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