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Abstract

A powerful new technique for analyzing Bézier and B-spline curves and surfaces has
been developed recently by Ramshaw and de Casteljau. The method, called blossoming or
polarization, is based on an old idea from multilinear algebra where polynomials are studied
by replacing them with simple multivariable functions. The purpose of these notes is to
provide a brief tutorial introduction to the basic concepts and uses of the technique. Several
implementation consequences are also identified.

1 Introduction

The theory of blossoms, or polar forms, is a highly geometric way to view much of the
field of computer aided geometric design (CAGD)[11, 12]. Blossoming provides a simple yet
powerful tool for deriving many of the fundamental properties of common curve and surface
paradigms. The theory also unifies these paradigms, and provides a solid base upon which
to build a geometric modeling system.

Our approach will be fairly informal, stressing intuition rather than rigor; more rigorous
treatments of this material can be found elsewhere [3, 6, 11, 12, 14]. In the following, we
assume that the reader is familiar with the standard properties of Bézier curves and B-splines.
An introduction to this material can be found in {2] and [9]. We begin by reviewing some
of the necessary geometric concepts in Section 2. In Section 3, we motivate the definition
of blossoms by examining in detail the case of quadratic Bézier curves. The extension of
these ideas to higher order curves is presented in Sections 4.1-4.4. B-splines are treated in
Sections 4.5-4.7, and a short discussion of surfaces appears in Section 5. We conclude in

Section 6 with some remarks on how blossoming can be used as an effective programming
tool.
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2 Geometric Preliminaries

We outline here the basic geometric facts necessary for manipulating blossoms. For a more
complete introduction, consult [7] or [9].

We will be working in the context of affine spaces. Intuitively, affine spaces are a slight
generalization of the more familiar Euclidean spaces. For our current purposes, it is sufficient
to think of an affine space as a collection of points that is closed under affine combinations.
An affine combination of points py, ..., p, is an expresston of the form

01P1+"'+anm (1)
where ay, ..., @, are real numbers that sum to one.

Affine combinations have nice geometric interpretations. For example, if p = o p1+azp2,
then p lies on the line segment p;p; so as to break the segment into subsegments of relative
lengths e : &, as shown in Figure 1.

o P2

g

Pi

Figure 1: The geometric interpretation of the affine combination p = a1p: + azp,

An affine combination of three points has a similar interpretation, except that ratios of
areas are used instead of ratios of lengths. Thus, if p = a;p; + a;p; + a3p3, then the ratios
of the areas of the subtriangles A,, A,, Az in Figure 2 are a; : a; : aa.

Figure 2 illustrates that if the points pipsps form a triangle, then other points p can
be written as afline combinations of p;, p;, and ps. In fact, every other point p in the
plane of p;p,p; can be written uniquely as an affine combination of these points. If p =
a1p1 + agp; + aspa, the coefficients oy, ay, a3 are the barycentric coordinates of p relative
to the domain triangle p;p;ps;. The notion of barycentric coordinates extends naturally
to afline spaces of arbitrary dimension, with the generalization of domain triangles being
domain simplexes.

In addition to affine combinations, affine maps play a central role in the theory of blos-
soms. An affine map is defined in. much the same way as a linear map. In particular, a map
T:X — Y between affine spaces X and Y is said to be an affine map if it preserves affine
combinations. That is, if Xy, ..., Xx are points in X, then

T(arx + - +oaxe) = enT(x1) + -+ - + oy T(xk)

must hold for all &, for all choices of xq,..., Xx, and for all sets of coefficients a, ..., ax that
sum to one.
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P2
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Figure 2: The geometric interpretation of the affine combination p = a;p; + azp2 + @aps.
3 Motivation

To motivate some of the ideas underlying blossoming, let us begin by examining quadratic
Bézier curves, an example of which is shown in Figure 3. Recall that they are defined by the

formula )
Q(u) =Y _vi- B}(u),
=0

where B?(u) are the quadratic Bernstein polynomials

B(u) = (f) wi(l = w),

Vi

Yo V2
Figure 3: A quadratic Bézier curve

It is well known that for a fixed value of u, the point on the curve Q(u) can be computed
using de Casteljau’s algorithm (cf. [9]). For quadratics, de Casteljau’s algorithm may be
stated as:

v < (1=u)vo+uvy

vi & (1—-u)vy+uve

vi & (1—-u)vi+uv)
Qu) = vg
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The standard proof for de Casteljau’s algorithm proceeds by induction by establishing
and exploiting a recurrence relation for the Bernstein polynomials. As is often the case with
inductive proofs, this derivation of de Casteljau’s algorithm suffers from a lack of intuition.
Blossoming provides an alternative proof that yields substantially more insight. To see this,
let us look at a somewhat nonintuitive bivariate function ¢(u;,u;) defined by

g(ur, u2) = vo(l — ug )1 — ug) + vi{w (1 — ug) + ua(l — wy)} + vouyus.

Notice that this function g has some interesting properties, namely:

1. g is symmetric with respect to its 2 arguments: g{u,, uy) = q(uz, u;).
2. q is bi-affine or 2-affine: Whena+b =1,

(a‘) q(at + b’U, u?) = a’q(t) u?) + bq(v’u2)'
(b) guy,at + bv) = aq(wy, t) + bg(uy,v).

3. g agrees with @ on its diagonal: q(u,u) = Q(u).

4. g(0,0) = vo
5. q(0,1) = ¢(1,0) = v,
6. q(1,1) = v,

q0,1) =4q(1,0)

0.0 q(L.1)
Figure 4: Relabeling of control points.

With cbservations 4, 5, and 6, we can relabel our diagram of the quadratic Bézier curve
as shown in Figure 4. From observations 3-6, we can see that the function g is closely related
to the curve Q. ¢ is called a blossom (or polar form), and is the polarization of Q. By working
with the blossom of @ instead of with @ itself, we exploit a powerful tool for manipulating
@. The blossom g lets us work singly with small, simple, affine components of Q.

As an example of a simple affine blend, we hold one of the 2 arguments in ¢ constant.
and allow the other to vary. Then

q(u,0) = ¢((1—u)-04+u-1,0)
= (1-u)q(0,0) +uq(1,0),

showing that the point ¢(u,0) is an affine blend of the points ¢(0,0) and ¢(1,0). As we can
see in Figure 5, ¢(u,0) is the unique point on the line between ¢(0,0) and ¢(1,0) that breaks
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q(0,0) q(Ll)
Figure 5: De Casteljau’s algorithm for quadratics as blossom evaluation.

the intervals into the ratio u : 1 — u. Similarly, ¢(u,1) is on the line between ¢(0,1) and
q(1,1).

Now that we have g(u,1) and g(u,0), we can derive g(u, ) in a similar manner:

g(u,u) = q(u,(1 ~u)-04+u-1)
(1 - u) q(u7 0) + UQ(U7 1)'

This tells us that g(u,u) is at position u on the line between ¢(u,0) and g(u,1). From
property 3, g(u, u) is exactly equivalent to @(u). Repeated affine combinations of blossom
values evaluated with u has led us to the point @(u) on the original Bézier curve. This is
simply a rederivation, using blossom notation, of the de Casteljau algorithm for evaluating
quadratic Bézier curves.

Building on simple affine combinations such as these, we will see how to manipulate
arbitrarily complex polynomials, both curves and surfaces.

4 Curves

4.1 Blossom Definition

Blossoms for arbitrary degree polynomials are based on the following theorem from multi-
linear algebra:

Theorem 1 Let @ be a polynomial of degree d. If D > d, then there is a unique symmetric
D-affine function g(uy,...,up) such that q(u,...,u) = Q(u).

To be more constructive, let us determine the blossom of the extremely simple polynomial
Q(u) = u?, and let us choose D in Theorem 1 to be 3. Thus, we seek a tri-affine function
q{u1, U, u3) such that ¢(u,u,u) = u®. As an initial attempt, consider the following as a
candidate solution:

q(uy, ug, uz) = wyuy.
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This function is affine in each argument and agrees with ¢ on its diagonal, but is not symmet-
ric. In particular, q(uy, u2, uz) # q(us, uz,u;). We can solve this problem by symmetrizing
over the three variables, taken two at a time, to yield

U Ug + Uglg + Uiy
3
This new function meets all criteria, so by uniqueness it must be the function we seek.

Reviewing what we have done, if Blossomp() represents the mapping from a polynomial to
its D-affine blossom, then we have discovered that

Q(Ulg U2, u3) =

Uy + Usus + Uy U

Blossomz(u?) = 3

Generalizing slightly, it is not difficult to show that
Zil,...,ik Uiy * Uiy * 0 - Uiy

o (2)

k

Blossomp(u*) =

where the summation is taken over all indices iy, ..., 2z such that each index is chosen from
the set {1,..., D}, and such that no two indices are equal.

The operator Blossomp() is linear, meaning that if a and b are real numbers, or, more
generally, vectors, and if P(u} and Q(u) are two polynomials, then

Blossomp(aP(u) + bQ(u)) = a Blossomp(P(u)) + b Blossomp(Q(u)).

The linearity of Blossomp(), together with Equation 2 implies that the D-affine blossom of
an arbitrary polynomial Q(u) = T, cxu* can be expressed as

Blossomp(Q(u)) = Blossomp(}_cxu®) =3 ep > i D i, (3)
k ko drin v
For example, if Q(u) = 1 + 2u + 4u® — u3, then

Blossoms(Q(u)) =1 + ol + 1;2 + u3 4 atat + u13u3 + uyug

— UpUgUg.

4.2 Blossoms and Bézier Representations

Given a blossom ¢(uy, ..., uq), suppose we want to find the Bézier control points vy, ..., v4 of
the curve Q(u) = ¢(u,...,u). To solve this problem, we can expand the first argument of ¢
using the identity u = (1 — u}-0+u- 1, then use the fact that ¢ is affine in its first argument.
This gives us

Qu) = (1 —u)q(0,u, ..., u) + ug(l,u, ..., u).
Continue this process, recursively expanding the terms ¢(0, u, ..., u) and ¢(1,u,...,u). When
this is done and terms are collected, the resulting expression is

Q(u) = gq(ﬂ, 0 L) (‘:) W1 = )t

Since a polynomial has a unique set of Bézier control points, we deduce that

v, =¢q(0,...,0,1,..., 1).
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To summarize, given a blossom q(ui, ..., ug), the i** Bézier control point of its diagonal
polynomial can be extracted by evaluating ¢ at 1 a total of ¢ times, and at 0 a total of d — i
times.

This observation can be generalized for Bézier curves parametrized on intervals other
than [0,1]. More specifically, the relationship between Bézier control points parametrized on
an arbitrary interval (s, t] to blossom values is v; = ¢(s, ..., s, ¢,..., t).

oo

The above discussion shows that if the blossom is known in the sense that an arbitrary
value can be computed, then the Bézier control points arise by evaluating the blossom at
simply described values. Consider now the converse problem: given the Bézier control points
of a polynomial @Q(u), compute an arbitrary value of its blossom g(u,, ..., uz). In principle,
one could write down an expression similar to Equation 3 in terms of the Bézier control
points instead of the power basis coefficients cx. A simpler approach, however, is to provide
an algorithm to compute arbitrary values. Such an algorithm is remarkably simple, as shown
in Figure 6. De Casteljau’s algorithm can be seen to be a special case of the algorithm of
Figure 6, occurring when uy = --- = ug = u; that is, for the computation of a point on the
diagonal.

EvaluateBlossom( vg, ..., V4, U1, ..., Ug)
for:=1toddo
forj=0tod—ido
vi= (1= u)V;+ uivjn
{ v, now equals q(ul,...,u,-,l,....,l,O,...,O) }
;
end
end
return vg

Figure 6: Evaluation algorithm for an arbitrary blossom value ¢(u,, ..., u4) given the Bézier
control points vy, ..., vy.

4.3 Subdivision

Referring to the de Casteljau algorithm depicted in Figure 7, notice that the points
q(0,0,...,0,u),¢(0,...,0,u,u),...,q(u,u,...,u)
are all computed by the algorithm. These are all of the form ¢(s,...,s,¢,...,t), where s =0

and ¢ = u. The results of Section 4.2 therefore imply that these values are éxactly the Bézier
control points of Q defined on the interval {0,u]. Similarly, the points q(w,...,u,1,...,1)
were computed as well. These are precisely the control points of Q defined on the interval
[u,1]. De Casteljau’s algorithm therefore effectively subdivides the original Bézier curve into
two subcurves by deriving as a side effect the Bézier control points that characterize each
subinterval.
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q(0,u,1) q(0,1,1)

qu,u,1)

q(0,0,u) q(u,u,u)

q(1,Lu)

q(L,L,D
q(0,0,0)

Figure 7: De Casteljau’s algorithm for cubics as blossom evaluation.

4.4 Degree Raising

2 3
Suppose we have a curve Q(u) = ) _viB2(u) and we want to find a curve Q(u) = Y_v;B¥(u)
=0 =0
such that Q(u) = Q(u).

Qur method for accomplishing this will be:

1. Find the blossom ¢ of @.
2. Build the blossom ¢ of Q from q.

3. Evaluate § to extract the v;.

This process is summarized in Figure 8.

We start with a bi-afline blossom ¢, fully characterized by vy, vq, and v;. Our goal in
degree raising is to find a tri-affine blossom § such that

Qw) = §(u, u, v) = g(u, v) = Q(u).
The expression
q(ua, uz) + q(us, us) + glus, us)
3
defines a symmetric tri-affine function that has the proper behavior on the diagonal — by
uniqueness, it must therefore be §.

q(ula Uz, Ug) =

We still need to find the control points v, that characterize §. Now that we have §, this
1s accomplished by simple evaluation:

Vo = §(0,0,0) = QAMEAED =y,
i = §0,0,1) = q(0~0)+4(%1)+q(0v1) = Vogzvl
V2 = §(0,1,1) = 0ReDF01) _ 2vitvg

V3 o= ¢(1,1,1) = Wbt _ oy,
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Bezier representation mmb Bezier representation

convert to evaluate
blossom
Blossom - —} Blossom
symmetrize

Figure 8: Schematic diagram of how blossoms are typically used to solve change of
representation problems.

The above procedure for degree raising extends to curves of any degree. In general,
raising a degree d Bézier curve @ whose blossom is ¢ to a degree d + 1 curve Q with blossom
§ is based upon the symmetric, multiaffine relation

qlug, ugy .o ug) F o q(un, oy it Yigny oo Uagr) oo F g{ugy e Uge)

q(ul’...’u4+1)= d+1

4.5 B-splines

The previous sections have indicated that blossoms are useful for analyzing individual poly-
nomial curve segments. In this section, we explore the use of blossoms to study piecewise
curves, i.e., B-splines. As a prerequisite, we must first understand the relationship between
derivatives and blossoms.

4.5.1 Blossoms, Derivatives and C* Continuity

Two curve segments F' : [r,s] > X and G : [s,{] > X, where X is an affine space, are said
to meet with C¥ continuity at s if they have matching derivatives up to order k at s:

FO(s) = GW(s), i=0...k,
where superscript (¢) refers to the i** derivative.

Suppose two segments F and G meet with C* continuity at s. What can be said about the
relationship between their blossoms? To address this question, let us examine the connection
between derivatives and blossoms.

Let f denote F’s blossom, and let ¢ denote G’s. To simplify the discussion, we will
also assume that F' and G are of common degree d. The definition of F(V(s) that is most
convenient here is

FO(s) = R (s 4 w)lumo

d
= Eaf(s—f-u,s-f-u,...,s-i-u)fu:o.
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To continue, we need to invoke the chain rule, which in this instance takes the form

d af du;
Ef(,‘3~+ Uy...y$ + u) = ; a_ui'(uly IR ud)lm:a,...,ud:s E|u:0~
=1 =ug =

The terms %Iu=0 are simply disposed of, since u; = s + u implies that %}]uo = 1.
Concentrating now on the terms containing a partial derivative of f, we get:

af

o]
a_w|u1 ..... ud=s(ulv---yud) a_m‘((l_ui)f(uly--‘vuf—lvoyui+lv"'7un)

+uif(ul» cees Ui, 17 Uiply v - ud))‘u.,...,m;:s
- f(ulz"'aui——lalvui-i-lv'"7un)|u.‘,.“,u_d=a
_f(ul"")ui—l’07 ui+l»ud)lu. ..... ug=s

f(1,8,...,8)— f(0,s,...,5).

A similar result holds for other terms containing partial derivatives of f. Putting this
together, and using the symmetry of f, we find that:

FO(s) =n(f(1,8,...,8) — f(0,s,...,8)).
Applying the process once again reveals that
FO(s) = n(n—=1)(f(1,1,s,...,8) —2f(1,0,s,...,8) + f(0,0,s,...,8)).
By iterating this procedure, the general form for the i** derivative can be shown to be

FO(s) = n_" i(—l)j (Z) f(1,...,1,0,...,0,s,...3). (4)

Coming back to the question of continuity, if ¥ and G meet with C?! continuity at s,
then we have

F(s) = G(s)
FO(s) = GW(s).
Hence, their blossoms satisfy:

fls,o.,8) = gls,...,8)

(5)
fQ,s,...,8) = f(0,s,...,8) = g(l,s,...,8) —g(0,s,...,5).

Adding the first equation in Equation 5 to the second, we find that the left side becomes

f(,s,...,8)~ f(0,8,...,8)+ f(s,8,...,8),

which is an affine combination of three points. Since f and g are multiaffine, the sum of the
two equations can be written as

f1—=0+4s,8...,8)=g(1 —0+s,s,...,5).
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This shows that if F and G meet with C! continuity, then their blossoms satisfy

fls,...,8)
fls+1,s,...,8)

H

Sy 8)
ggs +1,8,...,8). (6)

i

Moreover, since every value z; can be written as an affine combination of s and s + 1,
Equation 6 implies that

flzy,8,...,8) = g(z1,8,...9), (N
for alt ;. This shows that the conditions of Equation 5 imply Equation 7. Since the converse
clearly holds as well, we deduce that Equation 7 is a necessary and sufficient condition for

C! continuity. The generalization for C* continuity follows quickly from Equation 4. As a
theorem, we have:

Theorem 2 Two polynomial segments F : [r,s}] — X and G : [r, s]— X of degree n, having
blossoms f and g respectively, meet with C* continuity at s if and only if

fle, . o Tey 8,00 ,8) = gy, ..., Thy 8,0 .., 8)

forall zy ... x4.

4.6 B-splines and Piecewise Blossoms

We saw in Section 4.2 that a blossom f;(uy, us, u3) is completely determined by the progres-
sive values fi(s,s,s), fi(s,s,1), fi(s,t,1), f:(t,1,1), since these are the Bézier control points
for the diagonal polynomial Fy(u) = fi(u,u,u) on the interval [s,t]. More generally, if t;,
tiv1s tiyo, tips, figs, tigs are distinct non-decreasing values called knots, then f; is deter-
mined by the progressive blossom values f;(t;, t;i11,ti2), filtizrs tiva, tivs)s filtivz, tiva tiva),
filtiys, tiys, tigs). That is, once these values have been specified, any other value of f; can
be computed. To see that this is so, notice that these values can be used to compute the
values fitiya, tive, tive), filtiva, tiva, tiys), filtive, tips, tiva), filtiys, tiys, tipa), as shown in
Figure 9. This latter set of values are the Bézier control points for the segment parametrized
on the interval [¢;42, t;13]. Since the Bézier control points uniquely characterize a blossom,
an arbitrary blossom value can then be computed using the algorithm of Figure 6. A more
direct approach proceeds by constructing an arbitrary blossom value for a segment of degree
d directly from the progressive values

Vie; = filtivg, tigjpts o tigjpd— ), J=10,..4d,
using the algorithm of Figure 10.

Returning to cubic curves, the values fi(t:, tis1, tive), filtisn, tivz, tiva), filtiva, tiva, tiva),
fi(tiya, tiva, tiys), then, characterize a polynomial F;(u) := fi(u, u, v) on the interval [t;42, tiy3).
The idea now is to build a piecewise C? curve F such that F(u) := Fi(u) = fi(u,u, u) when
u € [tiz2,ti43]. We will do this by building a piecewise blossom f. Recall from Theo-
rem 2 that F;_, and F; meet with C? continuity at #,,, if and only if their blossoms satisfy

fi—l(ti+27 u, U) = fi(tH-Z, u, U) for all u, v.

Now we can characterize f; by the progressive blossom values given above. We can
similarly characterize f;_; by the progressive values of three knots, beginning at #;_1 ... t;14.
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a . fiti+2,ti+3,ti+d)

fi(ti+2,1i+2,1+3
fi(ti+1,ti+2,t4+3) )

& W
fiti+3,tis3,14+3) fi(ti+3,ti+3,ti+4)

@ fitie2,ti+2,ti+2)

@ fiti+1,ti+2,ti+2)

fiti+3,tivs,ti+5)

fi(ti,tiv1,ti+2)
a b C
| | | | ] |
] | I | | !
ti tiv1 tiv2 L3 ti+d ti+s

Figure 9: Another way to characterize a curve segment.

We require that f;_; and f; have values that agree whenever certain knot arguments agree,
as given by the following conditions:

fimr(to tipr, tiza) = filtis tigrs tig2)
fica(tivr, tigas tivs) = filtizn, tigas tia)
fima(tigar tipa, tiva) = filtirz, tiya, tiva)-

With these conditions, the C? constraints will be satisfied (this is easily verified). Thus,
there are only 5 points that determine f;_; and f;, and hence F;_; and F;. These points are:

fici(tioa, tis tiga)

Ffim1(fiy tivts tiva) = filti, tigs, tiga)
Fic1(Big1, tinzs tigs) = filtivn, tign, tivs)
fica(tigas tigas tiva) = filtig, tiza, tiya)

fi(tizss tiza, tigs)-

Moreover, no matter where these 5 points are placed, fi_; and f; will meet with C?
continuity at ;. We may continue by placing another segment f;1;, and another knot #;1¢.
The result of this construction is seen in Figure 11.

We can improve our notation by dropping the subscripts on the functions and defining
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EvaluateBlossomProgressive( v;, ..., Vitd, i, .., tad—144, Uty ooy Ud)

fork=0tod—-1do
for{=0tod—k—1do
{ @, 8 are barycentric coords of wiy1 it [tisrses tayivkse) }
_ Ukgr — bkt

tatidk+t — Livkte
a=1-74

Vipe =0 Vige + 8 Viges

{ Vize now equals q(uy, ..., Uks1, tigksts - - - bindat=1) }
end
end
return v;

Figure 10: Evaluation algorithm for an arbitrary blossom value g(us, ..., uz) given progressive
blossom values and knots.

a piecewise blossom f(u1,u,, uz) using the rule:

fi{ur, uz,us) i uy’s are not all equal and wy,uz,u3 € [t;, tiys)
filur, ua, us) if u’s are all equal and u; € [tj49, tj43).

f(u1:u27u3) = {
(Remark: strictly speaking, this isn’t strong enough; see Ramshaw(11, 12].) The labeling
becomes much simpler now, since we can drop subscripts of f’s in Figure 11.

The values f(ti_1, tiytigr)y. .oy f(tig2, tiza, tiva)s -« -y f(i4a, tixs, tive) are the cubic B-spline
control points for the knot vector t;_y,...,t;.6. In fact, when u; = uy = -+ = uy = u the
algorithm of Figure 10 is exactly the de Boor algorithm for computing a point on a B-spline
(cf. Bartels et al [2] or Farin [9]).

These ideas can be used to define the cubic B-spline design scheme:

Input: A sequence of control points vg... v, a sequence of knot values t5...tm42, and a
point u € [t,¢,,].

Output: A point F{u).
Such that: The curve F(u), u € [t;, 1] is C%

Method: Leti: besuch that u € [ti42, tirs), and set Vig; = f(Fit), tixju1s tige2), J = 0,1,2,3,
then use the de Boor algorithm of Figure 10 to compute the point fi(u,u,u) = F(u).

We now generalize this construction to an arbitrary degree d: For a general degree d,
C%1 continuity at t;14_1 requires that adjacent blossoms must satisfy

fict(tigpamy, v2y o uq) = filtipaor, Uz, .., Ug)

for all u;,...,u4. This is guaranteed if f;_; and f; have blossom values that agree at their
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fi+1(ti+4,i+5,ti+6)

(142,843,143 Q) fi-1 = fi = fisr1(tis2,ti+3,tiva)
fi(mz,mz,msg i

fi-1= fi = fiv1{ti+1,li+2,ti+3) ()

fi-1 = fi(tis2,li+2,ti+2)

© fi+1(ti+4,li+4,li+4)
fi-l= fi(ti+1,5i42,ti+2)

fis1(tie3, tivd tivd) CJ

fi+1(li+4,li+4,t+5)

CN fi-1(tie1 tiv),tiv2)

() fi-1(ti+1,tie1,tie1) fi = fie1(tie3,tiv4,tie5)
fi-1 = fi(ti,ti+1,ti+2)

fi-1(ti,ti+1,ti+1)

fi-1(ti-1,ti,ti+1)

] ] | | ] | | |
| 1 | | | | ] I

i1 livl  Li+2  tie3 tivd ti+5 tivs
Figure 11: Three segments joining with C? continuity.

overlapping knots:

fici(tis oo tigd—1) = filti,-o tivao1)
fict(tivamrs - s tizaama) = filtiva-1,.. ., tiv2a-2)
We can therefore define a piecewise blossom f(uy, ..., uq) according to:

fi{uy, ..., ug) if u’s are not all equal and wy, ..., uy’s € (4, tivaa-1]
f(uh 7ud) = . s
filury oo ug) if w's are all equal and u € [¢44-1, t544]-

4.7 Knot Insertion

Knot insertion refers to the problem of finding control points for a curve over a knot vector
T, given the control points for the curve over a knot vector T, where 7' is a refinement of T}
that is, where T C T.

The CAGD literature describes two major knot insertion algorithms: Boehm’s algorithm
(3], and the Oslo algorithm [4]. The Oslo algorithm is capable of solving the problem no
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matter how many knots are added to T to obtain T, whereas Boehm's algorithm is restricted
to the case where T and T differ by a single knot. (Boehm's algorithm can be used to insert
any number of knots by successively inserting one knot at a time.) Boehm’s algorithm was
originally proved using properties of B-spline basis functions; here we show how Boehm’s
algorithm is interpreted from the perspective of blossoming. For concreteness we shall restrict
the discussion to cubic curves. The general case presents no conceptual difficulties, but the
additional notation is sufficiently cumbersome that we omit it here.

Let F'(u) be the cubic B-spline curve in question, let T' = {¢;} be the original knot vector,
let {v:} be the control points of @ over T, and let ie [t:, tiy1] be the knot to be inserted.
From the blossoming point of view, we know that the B-spline control points are obtained
by evaluating the blossom f of F' at consecutive triples of knots. After f is included, the
control points

vier = f(ticn, tiy tipa)
vi = f(titi ti)

are no longer valid for T. Instead, these must be replaced with the new control points
{’i-—l = f(ti—la tia tA)

v f(t€1 f» ti+1)
Vipr = f( iy, tige).

il

This procedure is summarized in Figure 12.

The Oslo algorithm, while somewhat more complicated due to its generality, can be
shown to be equivalent to the evaluation of off-diagonal blossom values using the algorithm
of Figure 10.

5 Surfaces

We now turn to the theory of blossoms for surfaces. The generalization to surfaces can be
done in two different ways, yielding either tensor product or non-tensor product descriptions.
We first examine the tensor product construction.

A bi-d-¢ tensor product surface F(u,v) takes the form
Fu,v) = 3 wibi(u)b;(v),
)

where w's denote the (rectangular array of) control points, and where b’s denote a collection
of univariate blending functions of degree d. Linearity of the operator Blossomp() implies
that blossoming can occur independently in v and v, creating a function f(uy, ..., up; 21, ..., ¥p)
with the properties

1. f is affine in each of its 2D argument;

2. f is symmetric with respect to interchange of u’s;

3. f is symmetric with respect to interchange of v’s;
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b3 |

——b2——|
b1

| ] I
I I 1

ti-2 tia ti . tixd ti+2 ti+3

Figure 12: Boehm’s knot insertion algorithm.

Note that f is not guaranteed to be symmetric if one of the u arguments is interchanged
with one of the v's. For instance, in general

Flug,ug, .y up; v, v, .., vp) # fv1, Us, .., Ups Uy, Vay ...y VD).

All results of the blossoming theory for curves can be applied to f(uy,..., ug; v1, ..., VD),
including extraction of Bézier and B-spline points by evaluation, degree raising in u or v,
etc,

Non-tensor product surface forms arise when the domain parameter is allowed to range
over R? instead of R. (The following readily generalizes to higher dimensions.) We will map
u into a point Q(u) on a surface using the following uniqueness theorem for surfaces:

Theorem 3 Let @ be a bivariate polynomial of degree d. If D > d, there is a unique
symmetric D-affine function ¢ such that Q(u) = ¢(u,..., u).
D

Similar to our treatment of curves, ¢ is the blossom of Q. The Bézier points of @ can be
extracted directly by evaluating ¢ at simply described values. Figure 13 shows what these
values are for quadratic surfaces. In general, if ¢ is a blossom of @, then @Q’s Bézier control
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v200 = q(1,1)

vio = q(r,8)

viot = g{n,t)

voil = q(s,t)
vouo = q(8,8) vooz = g{t,1)

Figure 13: Blossom labels for quadratic surfaces.

points relative to a domain triangle rst are given by

Viyiads = ¢y .. 78, .. ,8, 8 ).

i iz i3

5.1 Evaluation

Given a point ¥ = o7 + a8 + ast, we would like to find the point Q(u) = g(u, u). Just as
for curves, we can find it by a series of afline combinations. First, we have

q(u,u) = glenr + azs + ast, u)
= enq(r,u) + onq(s, u) + asq(t, u).
Also,
q(ryu) = qlryeqr + azs + ast)

qu(r, 7‘) + a2q(7‘)3> + D‘3Q(7‘at)v

and similar expressions can be found for ¢(s,u) and ¢(t,u). Geometrically, this is very
simple, as shown in Figure 14.

5.2 Subdivision

Subdivision for Bézier surfaces comes directly from the points evaluated in the de Casteljau
algorithm. The subdivision given by the algorithm breaks the surface into 3 pieces about the
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q(r,s)

a(Ly
q(s,s)

Figure 14: De Casteljau’s algorithm for surfaces using blossom labeling.

point of evaluation. Using blossoming, the proof is again fairly simple. We need only observe
that the parameters of the intermediate points found by the algorithm have the proper form
to be control points for a degree d polynomial. By uniqueness, they must be correct. For
example, the subtriangle shown in gray in Figure 14 has as its control points ¢(r,7), g(u,7),
q(r,t), (%, u), q(w,t), and ¢(t,t). These blossom values are sufficient to describe Q) when its
domain is restricted to the triangle urt.

5.3 Degree Raising

Given a quadratic Q defined by its control points v;, i, i,, Suppose We want to raise its degree
to a cubic @ defined by the control points ¥,, ,, ;, such that Q(u) = Q(u). The blossom § of
Q in terms of ¢ is

q(ur, ug) + qlug, ug) + g(wy, ua)

Ej(uhu%u?)) = 3 .

Note that this is the same as the equation used in degree raising a Bézier curve! The
domain is in a higher dimension, but the resulting equations are exactly the same.

As with degree raising of curves, the control points V;, 1, i, can now be determined easily
by evaluation. For example,

g(r.r)+q(r,r)+q(r,r)
3

Vage = q(r,r,r) V200

Vi = (}(T,S,t) — Q(TVS)*"J(;J)‘*Q(HQ — V110+V%11+V101









