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Abstract. This paper generalizes three very important algorithms for surfaces which previously only worked well
with polynomials. The algorithms are calculation of piecewise linear approximations, min-max boxes, and
surface/surface intersections. The class of surfaces that can be handled are all parametric C? surfaces. All the
algorithms are related by theorems from approximation theory which give information about the maximum
deviation an approximation to a surface can have if bounds on partial derivatives are known. We generalize
these theorems to work with parametric geometry, and we also show how to obtain the necessary bounds.
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1. Introduction

Computer Aided Geometric Design (CAGD) is concerned with algorithms to manipulate
parametric curves and surfaces. Unfortunately, many of the well known algorithms can only
work with particular kinds of geometry such as B-splines. In this paper we present algorithms
for curves and surfaces which only depend on knowing upper bounds on the derivatives of
order two. The algorithms described are for piecewise linear approximation, bounding box
determination, and recursive subdivision for Intersection problems. All three of these processes
must be done in almost any surface or solid modeller. For simplicity, the surfaces are assumed
to have a rectangular parameter space, although the algorithms can easily be extended to work
with other domains. The algorithms are based on results from approximation theory, and we
derive some new theorems especially for parametric geometry.

Lane and Carpenter [Lane et al. "79] first used bounds on derivatives for display of
parametric surfaces. However the result from approximation theory that they used [Prenter *75]
is crude and much better results are possible, as we show later. Wang {Wang ’84] also used
bounds on derivatives for curve/curve and surface/surface intersections. But Wang's result has
problems for technical reasons we discuss later. Koparkar and Mudur [Koparkar et al. ’84]
present a set of algorithms not unlike ours although their algorithms require knowing the zeros
of derivatives which, in general, are much harder to find than upper bounds. Even for simple
tensor product polynomials, their method involves solving simultaneous nonlinear equations.
Their method is also not rigid motion invariant which means that when the surface is moved,
the zeros must be recalculated. The bounds we use fortunately are rigid motion invariant and
are also easily adjusted when the surface is affinely transformed. Another algorithm’ was
developed at McDonnell Douglas [Houghton et al. ’85) to find the intersection between
arbitrary C! surfaces, and is also very similar to the one presented here. However, because no
second derivative information is used, the McDonnell Douglas algorithm has a few ad hoc
parameters such as a bounding box expansion factor to try to make a box fit around a surface

0167-8396,/86,/53.50 © 1986, Elsevier Science Publishers B.V. (North-Holland)



296 D. Filip et al. / Surface algorithms

and a surface normal ratio factor to try to determine surface flatness. The theory in this paper

describes how to determine these factors very precisely.

In Section 2 we develop the general theory needed, in Section 3, we give applications of the
general theory, and in Section 4 we show how to compute the upper bounds needed for the
algorithms. Section 5 derives another theorem to improve the algorithms in certain cases.

2. General theory

In this section we present some new and old approximation theoretic results for curves and
surfaces.

2.1. Approximating curves

Wang used the following result for linearly approximating curves, which is proved in [de
Boor *78, p. 39]:

Theorem 1. Let f:[a, b]—> R be any C? function and let I(x) be the line segment with
[(a)=f(a) and [(b)=f(b). Then
2 "
sup | f(x)=1(x)| <x(b-a) sup |/7(x)].

a<x<bh ag<x<b

Note that this theorem, as is true for almost all approximation theory results, is specified for
scalar-valued functions rather than vector-valued functions. It can be used with the latter by
finding the bound on the second derivative of each coordinate function and combining the
bounds. However this is different from taking the norm of the second derivative of the
vector-valued function; in general the norm of the actual function will be smaller than
combining the results of the coordinate functions since the maximums for each coordinate
function may occur at different parameter values. Our first theorem shows that this can be

done.

Theorem 2. Let f:[a, b} —> R" be any C? curve and let 1(t) be the linearly parametrized line
segment with [(a) = f(a) and I(b) = f(b). Then
2 ’”
sup || f(1) = 1(e) f < k(b=a)” sup || f7() 1.

agt<h agigh

Proof. Let e(1)=f(¢)—I(t) and s(r) =e(t)-e(s). Then s(a)=0=s(b) which implies there
exist a parameter 7, between @ and b where s(¢) takes on a maximum and so s (15) = 0. Thus
e(1g)-e’(15) =0. Now

e(r)=e(ro)-G-e'(ro)(t—rn)+/’(1—x)e”(,\‘) dx,

o

SO

e(ty)-e(t) =e(ro) -e(ty) +e(ty) e (10)(1 = 10) +e(’o)'/rl("‘-\')6’”(«\'> dx.

Without loss of generality let ¢, be so that a<ty< 3(b+a). Noting e(ty) e’ (15) =0,
e(a)=0,and " (1) =f"(1) yields:

—e(to) -e<ro>=e<ro)-/,"(a—x>f”(x> dx.
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Which implies
leCto) 1P < eCeo) I [(a=x) £7(x) duey,
and since [l e(ry) || > 0 (if not we're done):

le(to) |l < nfl”(a—x)f”(x) dx|

< sup (£ [ (a=x) dxj

agr<h ly
sdsupll £ (19— a)?
<y supll £ 1 (3(b - a))?
<gswpll 7 (b-a)’. O

Example 1. To see that Theorem 2 is an improvement over Theorem 1, consider the curve
f(2) = (x1(0), x3(1)), 0< £ < 1, where x,(¢) = ¢* and x5(t)=1>=13/3. Then x{'(¢) = 61, which
is maximized at 7=1, and x5 (1) =2—2¢ which is maximized at ¢ = 0. So (sup|x(£))* +
(sup| y(2)|*=40. But sup| f”(1) [>=40r* - 8¢+ 4, which is maximized at f— 1, and so
attains a maximum value of only 36. However, in general sup || f”(z)] is usually harder to
calculate than Z,(sup | x(1)])%, and in practice the latter will frequently have to be used. O

2.2. Approximating surfaces

Lane and Carpenter used the following result to approximate surfaces which was proved for
scalar-valued functions by Prenter [Prenter *75] and then extended to vector-valued functions
[Lane et al. *79] by combining the bounds in each coordinate function.

Theorem 3. Let TC R? be a right triangle with vertices (A, B, C) of the form B=A + (1,, 0)
and C=A+ (0, /,). Let f: T—R? pe any C* surface, and let I{u, v) be the linearly parame-
trized triangle with I( A) = f( A), {(B)=f(B), and I(C)=f(C). Then

sup | f(u, v) = I{u, o)l <4M(l]2+{22),

(u,0yerT
where
3%x, | | 92, 3%x, 3%x,| | 0%, 3%x,
M = max L , 5 + max s 5 o,
du dudv dv du dudv dv

the x,(u, v) being the component Junctions of f(u, v).

Actually, the original statement of Theorem 3 was formulated for arbitrary triangles; we
stated it here ouly for right triangles because these are the only ones that arise in our
applications here. In our next theorem, we not only improve Theorem 3 in the same way
Theorem 2 was improved over Theorem 1, but we also reduce the constant term 4 to 1/8.
Again, we restrict ourselves to right triangles although the theorem may be generalized to
arbitrary triangles.

Theorem 4. Let T, f(u, v), and {(u, v) be as in Theorem 3. Then

up 1 f(uy 0) = 1(u, ) 1| < F(12My + 20,1, M, + 120),
(v vyeT
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Fig. 1. (a) The four regions of parameter triangle 7 used in the proof of Theorem 4, and (b) the region R, enlarged.

where
82
M,= sup -———*——f(u; U),
(voyeT du
aZ
M, = sup Sf(w, v) U),
(u.)eT dudv
3%f(u,
My= sup | L]
(u0)eT dv°

Proof. Let e(u, v)=f(u, v)—1I(u, v) and s(u, v) =e(u, v)-e(u, v). Since T is compact,
s(u, v) attains its maximum at some point py, € T. If p, lies on the boundary, then we can just
apply Theorem 2 (taking special care if p, is on the hypotenuse of 7). So suppose p, is in the
interior of 7. Then (3s/9u)(py) =0=(3s/3v) py), which implies e( py) - (de/u) py)=0=
e(po)-(de/3v)( py). Also suppose py € Ry, as shown in Fig. 1, the other cases being proved
similarly. Let v=A — p, and write v=(d cos 8, d sin §) where d= || A —p,|| and § is the
angle between 4C and v. The proof now follows similarly to that given for Theorem 2 by
looking at the curve g(¢) from p, to A on e(u, v). Let g(1)=e(py+ 1v), so g(0)=e(p,) and
g(1)=e(A). Writing g(¢) in its Taylor series yields:

g(1) =g(0)+g’(0>r+f0'g“(£>(1 ~£) dg,
which implies

&) =5(0) +5'0)+ ['" ()1~ £) d,
and expanding out gives

e(A)=e(p0)+(9-e-giﬁl d cos 0+3%’}’—°l d sin 0)+1
where

]=/1 _Bi( +&v)d? c0526?+2—a—i(p + £v)d? sin 0 cos 0
0\ du? Po=s Quip 10 ° ) :

3% .
+5_2(1)o+fv)d sin?d [(1 - ¢) d¢.
v

Taking the dot product of the last expression with e( p,), and noting the following equalities:
e(po)-(de/3u)(po) =0=e(po)-(3e/v)(po) and e(A) =0, yields:

O=e(1’o)"’(l’o) +3(P0)'[,
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which implies
eCpo) P < fe(po) I 111, /
and since {le(py) |l > 0 (if not, we're done), we get
leCpo) Il <17
< (d? cos?d M, +2d? sin 8 cos § M,+d? sin*6) ]/‘)](1 - &) d¢y

=3(d? cos®d M, +2d? sin 6 cos 0 M, +d? sin’g).
Now observing Fig. 1(b), notice that d cos § < 1/, and d sin 6 < 4/,. Therefore
teCpo) Il < 3(303M, +240,0,M, + Li2M,) '
FOEM v LM+ 20). o

Il

Barnhill and Gregory [Barnhill et al. *72] proved a similar theorem for ‘scalar-valued
functions with more general norms. However, their proof is not easily extended to vector-val-
ued functions because of its complexity. It is actually possible to extend Theorem 4 to more
general norms, but we elected not to do so for simplicity and also because these norms are

rarely used in CAGD.
It is not difficult to adjust the bounds M, M,, and M, when f is alfinely transformed to a

surface g, where
g(u, v)=Mf(u, v) +T.

In this case

<M

duadov® dudv® du“do”

where || M || is the norm of the matrix M and is equal to the largest eigenvalue of this 3 X 3
matrix. If the affine transformation is a rigid body motion, then || M [l equals one and so no
change to the original bounds is needed.

We now discuss one more theorem due to Wang [Wang ’84] which is directly applied to
rectangular surfaces, and does not require the patches to be split up into triangles.

3 e (u, v) :)/Ma"”’f(u, v) 3 f (u, U)”

Theorem 5. Ler RC R be the rectangular region with vertices {A, B, C, D} of the form
B=A+(1,0), C=A+(0,1,), and D=A + (h, ). Let f: R—> R* be any C? function, and
let I(u, v) be the linearly parametrized quadrilateral with I(A)=f(A) - A, I(BYy=f(B)+A,
{(C)=f(CY+ A, and I(D) =f(D)— A, where A= T f(A) ~f(B)=f(C)+f(D)). (It is not
hard to show that I(u, v) is planar.) Then

sup || f(u, U) —1(11, o)l < g(lfMl + 20, M, + [22/\//3),

(v, vy R
where

33x 92 9°x

M, = max —Tl R —if s 73 R
du du- du” |

Mo = 3%x, 3%x, | | 9%,

M2 = max 0udo |’ | 0udv |’ | dudv ||’
3%x, ! 3%x, | | 9%x,

M; = max —1, 2’,——2 .
do~ dv | dv
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Unfortunately, Wang's theorem has the following problem. Suppose f(u, v) and g(u, v) are
two adjacent surface patches with their respective linear approximates /, and /, given in
Theorem 5, and suppose || f—1{,|| and || g —1,]| are within some specified tolerance €. Then
although f and g are at least C? across their common boundary, [, and I, will in general be
completely disjoint. If /, and /, are replaced by some other linear approximates I[; and I,
which share a common boundary curve, then there is no guarantce that || f— /'[I and
}}g——lé il are also within e. Since C° continuity of the piecewise linear approximation is
required for almost any algorithm that uses an approximation to a C" surface, we have no
practical use for Theorem 5.

3. Applications

In this section we present three algorithms for surfaces which are based on Theorem 4. Each
algorithm can be easily modified to work with curves.

3.1. Piecewise linear approximation

The problem here is given a C? surface f:{0, 1] X [0, 1] - R’ and an arbitrary tolerance e,
find a piecewise linear surface /:{0, 1] X [0, 1] = R* so that sup || f(u, v) — {(u, v)]| <e. This
approximation is important for applications where the original surface definition is difficult to
work with such as in display of the surface and calculation of its mass properties. It is
important that the bound on the error in the approximation is known so that any analysis done
on the approximation can take this into consideration. The traditional way this problem tis
solved for polynomial and rational polynomial surfaces is by means of recursive subdivision of
the B-spline or Bézier form and flatness testing {Lane et al. *80; Filip '86]. These schemes have
the advantage over the algorithm to be presented in that the approximating pieces can be
placed adaptively over the surface, that is, more pieces can be placed in areas of greater
curvature, which minimizes the total number of pieces. However, our algorithm runs several
times faster than the adaptive algorithms and is being used successfully at ATP. In addition,
the number of additional pieces used by this algorithm is not much more than necessary since
the surfaces first can be split into its patches, each piece of which usually has the same measure
of curvature. Each patch can then be approximated independently. The algorithm works by
determining the numbers n and m so that after evaluating at the (n + 1)(»m -+ 1) grid of points

1 2 1 1 1 2 1
[0.0) (3.0 (2.0)n0i0 (0 ) (5 ) (5 J 0] )
and forming the 2nm triangles from the points, we have our desired approximation. More
simply stated, we want to determine the step sizes 1/n and 1/m in the u and v directions for
evaluation. With polynomial and rational polynomial surfaces, the most common forms of
surfaces in CAGD, these evaluations can be done very rapidly using forward differencing.
Let /,, /,, M,, M,, and M; be as in Theorem 4. Also let /, =1/n and let /, =1/m. Then,
from Theorem 4 we desire

liw +—2—M+LM = (3.2)
8l 2"t om0 e o

We say that the u direction is ‘flat” if M, =0, i.e., the u direction is linear. Likewise, we say the
v direction is ‘flat’ if M;=0. If the u direction is flat and the v direction is not, then 2 is
automatically set to one. Similarly, if the v direction is flat and the « direction is not, then m is
automatically set to one. If both directions are flat, then n and m are set to be the same.
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Otherwise, the algorithm proportionally rolls in the mixed partial term M, into the number of
steps in « and the number of steps in v based on the ratio M, /M,. Thus we have four cases:

Case 1: M, >0 and M, > 0. Let k = M,/M;, and set n/m = k, which means n = k. Then
from equation (3.2) we have

1

2 1
(?1\41 -+ ——7‘M2 +
8\ k22 km~ m

Solving for m we obtain

= \/jv—(/w, +2kM, + kM)
8k e ’

Case 2: M, >0 and M, =0. Let m = 1. Then from equation (3.2) we have

171 2
S|l =M+ 2M, ) =
8(}12/‘l ”M') ‘

o

A{}) =€.

Solving for n we obtain
1 e
n= gz(/ﬂz + M3+ 8e M, )

Case 3. My =0 and My > 0. This is the same as Case 2 with the roles of # and m switched.
Case 4: M, = 0= M,. This case is the same Case 1 with k = 1, ie.

[1
n=m= Vla(/\/f1+2M2+/\43) .

Crack Prevention. Usually an object consists of many surfaces and if the object is continuous,
then the piecewise linear approximation to the entire object is usually expected to be
continuous. However, if the above algorithm is applied to two different adjacent surfaces
independently, then cracks can appear between the linear approximations to adjacent surfaces
[Filip "86]. This is caused by adjacent surfaces being subdivided to different depths. One simple
way to eliminate this problem is to subdivide all the surfaces to the same depth as the patch
that needs the most subdivision. The problem with this solution is that it will generate an
unduly large number of approximating pieces if just one of the surfaces is highly curved.

A much better solution to this problem is the following. First piecewise linearly approximate
each boundary curve to the accuracy of € by applying the piecewise linear approximating
scheme to the curve case. Then when evaluating the grid of points in set (3.1), if a point lies on
the boundary of the surface, move it to the closest point on the approximation to the boundary.
Since two adjacent surfaces share a common boundary curve, the approximation to that curve
will be the same [rom both patches. So because boundary points are moved to that approxima-
tion, no cracks will occur. One should notice that polygons from the approximation along the
boundary may have more than three sides and may be non-planar (Fig. 2). These boundary
polygons can easily be triangulated if required. It is very important to note, however, that the
resulting approximation may not be within € in the neighborhood of the boundary curves. One
way to get around this problem is to approximate the boundary curves and the surfaces to a
tolerance of €/2. Empirically, though, we have found that using this tighter tolerance is usually
unnecessary, and subdividing everthing to tolerance of Just € seems to work fine in practice.

3.2, Min-max bounding box

The bounding box of a surface f(u, v) is defined by two points (Po> Py, where p,=
(“lewi|1’ .ymln’ 3I“iﬂ) and pl = ('\‘HL'\.\" ))('I'Ill)(’ Zm.lx)’ SO t]]at any pOnl[ (x’ )}’ z) on thc Surrace
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Fig. 2. Moving the approximations of the
two surfaces to the approximation of their.
common boundary curve. :

>
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The bounding box is used in many areas of CAGD, such as a-trivial elimination of the
intersection between two surfaces and determining the window size to fit a surface for display.
To find the min-max box of a surface f:[0, 1] X [0, 1] = R>, we first choose two numbers n
and m, evaluate at the (7 + 1)(m + 1) grid of points as given in set (3.1), and find the bounding
box {py, p,) of the evaluation points. From the analysis given in Section 3.1, the deviation
from the surface to the piecewise linear approximation generated from these evaluations is less
than a constant K where

K= 1 lM1 + —2—M2+ LM3
8\ 2 nm m3

Therefore, the surface can extend outside the bounding box { p,y, p,) by at most K. It is then
casy to see that the bounding box { p, — (K, K, K), p, + (K, K, K)) contains the surface.

The algorithm just presented will work for any positive integers n and m. Note that as n and
m are increased, K is decreased, and the bounding box becomes tighter. Of course this comes
at the expense of more evaluations. In practice, we find that even small values of n and m, such
as two or three, generate a tighter box for polynomial surfaces than the mix-max box of its

Bézier points.
3.3, Recursive subdivision for surface / surface intersection

Surface/surface intersection is one of the most important pieces of any surface or solid
modeller, and recursive subdivision is the main computational technique used today for
intersecting two free-form surfaces. Recursive subdivision for intersecting two surfaces S, and
S, is a divide and conquer method with the following steps.

Step 1. Determine the bounding boxes of §; and S,.

Step 2. If the bounding boxes do not intersect then return.

Step 3. Determine the ‘flatness’ of S, and S,.

Step 4. If S, and S, are both flat, then return the intersection curve of the planar
approximations.

Step 5. Else subdivide S; and S, into smaller surfaces, and recursively apply the algorithm
to all combinations of sub-surface of S; and sub-surfaces of S,.

Here we mean a surface is flat if it deviates no more than some prespecified tolerance €. In
this scheme, most of the computation time is spent in flatness testing and subdivision, and we
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show how to dramatically speed up these two processes. Flatness testing is usually done for
polynomial surfaces by testing whether its Bézier or B-spline points are co-planar within e,
which can be very costly. Also this scheme depends on having polynomial surfaces. Wang
[Wang ’84] first published a means to eliminate flatness testing by determining a subdivision
depth r so that after r levels of recursive midpoint subdivision, all the subsurfaces are
guaranteed to be flat within €. His method, which we will now describe, works very similarly to
the piecewise linear approximation algorithm given in Section 3.1. (We use Theorem 4 rather
than his Theorem 5 for reasons discussed earlier.) First note that after r levels of midpoint
subdivision of the parameter space [0, 1] X [0, 1] that /; =1, =1/2". Using Theorem 4 the same
way as in Section (3.1), we have

%(—1 - M, + 2 M, + 1 2M3) =c.
(27 (27 (27

Solving for r (and taking the ceiling since r is an integer) yields
1 \
r= {IOg“(g_g(/M‘ +2M, + z\/l3))“.

We can improve Wang’s algorithm in the case where one of the parametric directions is flat
and the other is not. For example, suppose the u direction is flat and v direction is not. In this
case it is better to split only along constant v parameter lines rather than in both parametric
directions. Then after r levels of subdivision we have h=1, and /,=1/2". Again using
Theorem 4 we have

](2]\/[ M)
ey z+—-213 =g,
812 (27)

and thus we get

8e

Although Wang’s method for flatness testing is independent of the type of geometry used,
his algorithm still depends on use of the Bézier control points for bounding box determination.
We now show how to get rid of this dependency and at the same time generate a bounding box
with less computational cost. Let ( p,,, P1) be the min-max bounding box of the four corners of
f(u, v). Using the analysis from Section 3.2 we know S liesin the box { py — (K, K,, Ko), P
+ (Ko, Ko, Ky)), where Ky = H( M, + 2M; + M;). Now consider the patches fi, f. £, and
f, gencrated from midpoint subdivision of f. Let (Poi» P1;) be the min-max bounding box of
the four corners point of patch f. Then it is easy to see that (p,, — (K, K|, X,), p,, +
(K,, Ky, K,)) bounds f,, where K, = Ko/4. Using induction, it is also easy to show that given
K, from subdivision level i, X,,, = K,/4 is the amount needed to ‘swell” the bounding box of
the corners of a sub-patch from recursive level i + 1 in order to bound that subpatch. The
following pseudo-code should further illustrate the ideas presented in this section. For simplic-
ity we exclude the optimization to Wang’s method when the surface is flat in one direction.

r=log iM, +log, (M3 + 8eM,)|.
2 2 o4 2 3

Procedure SURFACE_INTERSECT(S1, S2, tolerance)
/ * intersect surface S1 and S2 to an accuracy of tolerance * /-
K1 =(MI+2* M2+ M3)/8 using M1, M2, M3 from S1 /* Swell factor * /
rl = log 4(K1 /tolerance) / * necessary subdivision depth for flatness * /
K2 =(M1+ 2 * M2 + M3)/8 using M1, M2, M3 from S2
r2 =log 4(K1/tolerance)
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SURF21(0, S1, S1(0, 0), S1(1, 0), S1(0s1), S1(1, 1), 0, 0, 1, 1. K1, r1, S2, S2(0. 0), SX(1, 0),
$2(0, 1), S2(1, 1), 0, 0, 1, 1, K2, 12)
END SURFACE_INTERSECT

Procedure SURF2I(d, S1, P1, P2, P3, P4, ull, vl1, ul2, v12, K1, r1, S2, Q1, Q2, Q3, Q4, u2l,
v21, u22, v22, K2, r2)
/* Input parameter d: the current subdivision depth * /
/* Input Parameters for S1 (S2 are similar): * /
/*  P1, P2, P3, P4 are coners points * /
/* (ull, v11) is lower left corner of parameter domain * /
/*  (ul2, v12) is upper right corner of parameter domain * /
/* Kl is bounding box swell factor * /
/* rlis the maximum subdivision depth necessary * /
(A0, A1) = min-max bounding box of {P1, P2, P3, P4}
A0 = A0 - (X1, K1, K1)
Al = Al + (K1, K1, K1)
(B0, B1) = min-max bounding box of {Q1, Q2, Q3, Q4)}
B0 = BO - (K2, K2, K2)
B1 = B1 + (K2, K2, K2)
if (A0, A1) and (B0, B1) do not intersect
then return
else if k1 > 11 and k2 > r2 then /* S1 and S2 are flat * /
Output intersection curve of the linear approximations to S1 and S2
else if k1 > 11 and k2 <r2 then /* S1 flat and S2 not flat * /
/ * only generate subpatches for S2 x /
u2 = (u21 + u22)/2
v2=(v21 +v22)/2
Q5 = S2(u2, v21)
Q6 = S2(u2l, v2)
Q7 = S2(u2, v2)
Q8 = S2(u22, v2)
Q9 = S2(u2, v22)
SURF2I(d + 1, S1, P1, P2, P3, P4, ull, v11, ul2, v12, K1, r1,
S2, Q1, Qs, Q7, Q6, u21, v21, u2, v2, K2/4, r2)
SURF2I(d + 1, S1, P1, P2, P3, P4, ull, v11, ul2, v12, K1, rl,
52, Q5, Q2, Q7, Q8, u2, v21, u22, v2, K2 /4, r2)
SURF2I(d + 1, S1, P1, P2, P3, P4, ull, vi1, ul2, v12, K1, r1,
S2, Q6, Q7, Q3, Q9, u2l, v2, u2, v22, K2 /4, r2)
SURF2I(d + 1, S1, P1, P2, P3, P4, ull, v11, ul2, v12, K1, rl,
52, Q7, Q8, Q9, Q4, u2, v2, u22, v22, K2 /4, 12)
else if k1 <rl and k2 > r2 then ... /* S2 flat and S1 not flat * /
else ... /= both S1 and S2 are not flat * /
END SURF2I

We remark here on some properities of this algorithm. First, it is independent of any surface
representation and only depends on being able to evaluate the surface and knowing bounds on
the second order partials of the surfaces. Second, the algorithm only needs to subdivide the
parameter space and does not need to subdivide the surface definition, like in traditional Bézier
subdivision. Third, the algorithm is adaptive in the sense that only the portions of the surfaces
whose bounding boxes intersect need to be subdivided. Fourth, it is only necessary to find the
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min-max box of the corner points to generate the bounding box of the surface rather than

finding the min-max of all the control points (if the surface is a polynomial). Also note that K1

and K2 are independent of the tolerance and so may be computed once and then stored with

the surface definition. From empirical evidence we find that even if the surface is a polynomial

that this algorithm can run an order of magnitude or more faster than the traditional algorithm
based on subdivision and flatness testing of the control points. One reason is that all the

evaluations can be done using Horner’s rule on the power basis form of a polynomial. ;As in

almost every surface intersector, the output of the line segments must be sorted if contiguéus

intersection curves are desired. These intersection curves may then be refined by a Newton like

method to generate more accurate curves [Houghton et al. ’85].

4. Calculating the bounds of the partials of order two

In this section we discuss how to obtain the numbers My =113 /0u? |, My =132 /0udv ),
and M, =1]3%f/3v° . Fortunately these numbers can be calculated in a straightforward
manner for many of the common surface types used in CAGD. Also, it is not important that
the calculation of these numbers be done very quickly since they only need be done once for a
given surface as a preprocessing step and then stored with the surface definition. Because many
of the formulas for bounds on the surfaces can be broken down into a sequence of curve
problems, we first discuss finding bounds for curves. The bounds for curves are also needed if
the algorithms described in Section 3 are applied to the curve case.

4.1. Bounds on curves

To find the bounds of the partials of order two for some of the surfaces discussed in the next
section, we require knowledge of the bounds of certain curves and their derivatives of order one
and two. The curves involved are often polynomials or rational polynomials. In this section we
only discuss finding these bounds for curves which are functions from [0, 1] to the reals since
the surface case usually deals with bounds for each component function seperately and then
later combines the bounds.

One simple method for finding the desired bounds on a polynomial curve c() of degree n is
first to write it in its Bézier form {Boehm et al. ’84]

o(t)= 2 5B, ue|0,1], heR,
i=0

where
B!1) = (’;)(1 -0

is an element of the Bernstein basis (a basis for the vector space of polynomials of degree »).
Because each basis element is positive over (0, 1] and the basis forms a partition of unity (i.e.
sum to one), it is easy to show

sup |c(t)[< max {[b]).
1€0,1] O<i<n


















